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An algorithm is proposed to image ionospheric elec-
tron density (IED) distribution. In this method, gener-
alized singular value decomposition (GSVD) is first
used to resolve the ill-conditioned problem in the
computerized ionospheric tomography system. Its es-
timate is then provided as the initial approximation
required by the improved algebraic reconstruction
technique (IART). Numerical simulation has demon-
strated that the combined algorithm is superior to
both GSVD and TART for tomographic inversion of
IED. Finally, the method is applied to perform inver-
sion of IED using a set of global navigation satellite
system (GNSS) data during a magnetically disturbed
period. The reconstructed results reveal two promi-
nent features of the ionosphere under the disturbed
condition. The reliability of the method is also vali-
dated by the ionosonde data recorded at Wuhan sta-
tion, China.
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VARIABILITY in solar radiation levels and geomagnetic
activity causes fluctuations in the ionosphere that affect
satellite navigation and positioning, communications and
satellite altimetry. An improved understanding of the
physics of the ionosphere requires a global, dynamical
view of the ionosphere'. Computerized ionospheric tomo-
graphy (CIT) technique, which is a subset of remote sens-
ing, has been proposed and has gained popularity in the
ionospheric imaging community over the past two dec-
ades as an efficient means of obtaining a global view of
this variability?. From then on, various theoretical stu-
dies®® and experiments’ have been carried out by means
of the measurement data of polar orbit satellites, such as
the navy navigation satellite system. Since the ground
receivers are often installed along a fixed longitude chain,
the above studies can only image the two-dimensional
ionospheric structure in the altitude—latitude cross-
section. In recent years, the global navigation satellite
system (GNSS)-based CIT technique has received more
attention, since it may be used to reconstruct the iono-
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spheric structure in three-dimensional mode™ . How-

ever, from a tomographic perspective, the restricted view
of the imaging system, coupled with the irregularity and
sparsity of ground GNSS stations, makes it inherently
prone to data insufficiency and the inversion process one
of the most challenging cases of limited data tomography.
Therefore, tomographic reconstruction of the ionospheric
electron density (IED) distribution is an ill-conditioned
inverse problem.

To resolve the above problem, numerous algorithms
have been presented in recent years. On the whole, they
can be divided into two categories: the iterative recon-
struction algorithm and the other is the non-iterative
reconstruction algorithm. The improved algebraic recon-
struction technique (IART)'® is one of the iterative meth-
ods which is simple and highly efficient in computation.
It resolves the ill-conditioned problem by incorporating
some prior information into each voxel used in an iono-
spheric tomography system. For those voxels without any
ray path traversing through them, TART compensates for
the incomplete data using a good initial approximation
for the overall distribution. This means that IART 1is sen-
sitive to the initial approximation. In the non-iterative
reconstruction algorithms, the generalized singular value
decomposition (GSVD) method is popular for solving the
ill-conditioned inverse problem in ionospheric tomogra-
phy. One of advantages of GSVD is that the reconstruc-
tion quality does not depend on the initial approximation,
because its solution can be calculated directly from total
electron content (TEC) data without any initial estimates.
But its solution is usually an approximate due to the limi-
tations in the available information and the impacts of
discretized errors and observation noises'”.

In view of the disadvantages of the above tomographic
algorithm, a tomographic algorithm is presented here to
improve the accuracy of inverse results. The method is a
combination of the GSVD method and the TART algo-
rithm. In this combined algorithm, GSVD is first applied
to solve the ill-conditioned inverse problem of the iono-
spheric tomography system. Taking into account the
‘coarse’ of the solution, the estimates of GSVD are then
input as the initial approximation of the IART to be further
improved in an iterative manner. The feasibility of the
combined algorithm is confirmed by a numerical simula-
tion experiment. It is then successfully used to recon-
struct the IED imaging from the actual GNSS data in
China, and the reliability of the reconstructed results is
also validated by ionosonde data recorded at Wuhan sta-
tion, China'®.

As discussed in Austen er al.®, one measurable para-
meter of the ionosphere is TEC, which is the line integral
of the electron density along the ray path. It can be
mathematically represented as

TEC = J.N(s)ds, )
P

1233



RESEARCH COMMUNICATIONS

where N(s) represents IED, and p the ray propagation
path between a satellite and a receiver. The CIT tech-
nique applies TEC to invert electron density distribution
of the ionosphere. To simplify the IED inversion, the
imaged region of the ionosphere is first divided into small
voxels in a selected reference frame. Within each voxel,
the electron density can be assumed to be constant. So the
TEC along the ray path can be represented as a finite sum
of shortest integrals along different segments of the ray
path. The reconstruction problem then centres on solving
the following system of equations:

X, e, 2)

n
TEC, = 4;x
J=1
Equation (2) can be generally written in a simple matrix
notation as:

Ymxl = Amxn¥nxi T emxis 3)

where # is the number of voxels in the image, m the num-
ber of TEC measurements, y a column vector of m known
TEC measurements, 4 a matrix containing all the lengths
of the m ray paths traversing the corresponding » voxels,
x the vector consisting of all the unknown electron densi-
ties in all the voxels, and ¢ 1s a column vector associated
with the discretization errors and measurement noises.
Tomographic reconstruction of IED is an inverse pro-
blem in which the unknown x is estimated from the
known 4 and y. As described earlier, some limitations in
ionospheric tomography often make this reconstruction
an ill-conditioned inverse problem. In such a case, small
perturbations of y in eq. (3) make the solution large per-
turbations. Such a problem may be handled with GSVD.
GSVD is a generalization of the singular value decompo-
sition technique, which can be used to solve the damp
least square problem as proposed by Tikhonov. This ap-
proach looks for the solution of the following problem'®:

min || Ax -y |* +a || Lx |I*, )
xXeE@

where ¢ is the regularization parameter and L a positive
definite matrix which takes different forms according to
the order of regularization. For zero-order Tikhonov
regularization, L is the identity matrix and for first-order
Tikhonov regularization:

-1 1 0 0
0 -1 10 0

L= ; )
0 -1 1

where L is a p X n matrix, and the rank of L is p.

1234

Using the GSVD method, the matrices 4,5, (m = n)
and L,, (n = p) can be written as'”:

A—U[A 0 ]B_l 6)
0 I, ’
and

L=V(C 0B, @)

where U is an m X n orthogonal matrix, B an n X n non-
singular matrix. A a p X p diagonal matrix and C is also a
p X p diagonal matrix.

The Tikhonov regularized solution can then be written
as:

x,, =(A"A+al’L)y" A"y, ®

In the damped least square approach, the value of « is
unspecified. The indeterminacy of ¢ can be eliminated by
the method of generalized cross-validation which can be
represented as:

| Ax, . = > I

“ " trace(I - A(a))” ®
Additional constraint can solve the ill-conditioned pro-
blem in ionospheric tomography system. However, for
each voxel the electron density value obtained from
GSVD is only an approximation due to the existence of
discretization errors and GNSS measurement noises and
the limitation of available TEC data. Taking into account
the approximate characteristics of the solution of GSVD,
IART is used to improve the accuracy of the solution.
The procedure is described below.

The estimates obtained from eq. (8) are input as the ini-
tial states of TART'®.

@ =x, (10)
Next the reconstruction is performed with the IART algo-
rithm:

D B 3y, —ax ). (11)
The column vector A; composed of all relaxation parame-
ters is given as:

k k

A =g"(a;-g"), (12)
where gk Z[g{{:gé{,...,gf]T, and gl-k :al-jxﬁ, a; repre-
sents the ith row vector in projection matrix 4, and ¥ is
fixed in 1onospheric tomography.
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Let us consider numerical experiments using simulated
data. Before the combined algorithm is applied to recon-
struct the electron density distribution using actual TEC
data, it is necessary to confirm its feasibility and reliabi-
lity using simulated TEC data. The simulated data are
generated from the IRI 2001 model. In this model, IED is
varies smoothly and is available from 50 to 2000 km. The
simulation procedure is summarized as follows.

(1) In a selected reference frame and time period, the
actual positions of GNSS satellites and ground receivers
are used to create the projection matrix 4. In this simula-
tion, 48 GNSS receivers over China are used.

(i1) The ionospheric electron density at the centre of
each voxel is generated from the IRI 2001 model and
considered as the initial electron density value of the cor-
responding voxel. The simulated time period is 01 :30—
02:00 UT on 8 July 2002 along east longitude 106°. The
discretized density distribution is represented by xgimy,
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Figure 1. Contour plots of the modelled and reconstructed electron
density distributions at east longitude 106°. a4, Modelled electron den-
sity distribution with the IRI 2001 model. b, Reconstructed electron
density distribution with the combined reconstruction algorithm (the
unit of ionospheric electron density (IED) is 10 e/m?).
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and then the simulated TEC measurement yg,, without
noise is computed using the following equation:

=A4-x

Ysimu simu - (13)
(i11) Practically, a small amount of random noise ey
should be added to the simulated TEC values yg,, One

can then obtain:

te (14)

Ynois = Vsimu T €simu-
(1v) Using the above procedure, the GSVD is used to
invert IED from TEC measurements with noise. Its esti-
mate x. 18 then obtained.

(v) The estimates of GSVD are input as an initial state
of IART, and it is then improved using eqs (11) and (12).

Figure 1 a illustrates IED distribution at 02 :00 UT on
8 July 2002 along 106°E, which is obtained from the IRI
2001 model. The reconstructed electron density distribu-
tion using the combined algorithm is plotted in Figure
1 5. Comparing Figure 1 5 with a, it can be seen that the
ionospheric structure is reconstructed well as a whole.
The average density error is 8.7 x 10° el/m®, which is
very small compared with the typical peak density of
1.09 x 10" el/m®. The statistical results show that the
IED image is reconstructed with sufficiently high accu-
racy using the simulated TEC data. This demonstrates the
feasibility of reconstructing IED using the combined
algorithm.

In order to demonstrate the advantages of the combined
reconstruction algorithm to GSVD alone or IART alone,
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Figure 2. Comparison of the difference between the reconstructed
electron density distributions of the three algorithms and those obtained
from the IRI 2001 model.
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Figure 3. Two-dimensional images of IED over China at 23 : 00 BT on magnetic quiet days (a, 20 August 2003 and ¢, 22 August 2003) and storm

day (b, 21 August 2003). (The unit of IED is 10'! e/m?.)
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Figure 4. Contour plots of IED over the longitude and altitude cross-
section at 30.5°N and at 15:00 UT on 21 August 2003. (The unit of
IED is in 10" e/m®.)
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Figure 2 compares the difference between the recon-
structed IED distributions using each algorithm mentio-
ned above and those obtained from the IRI 2001 model.
From Figure 2, one can see that the difference between
IEDs inverted from the combined algorithm and those
obtained from the IRI 2001 model is minimum in the
above three algorithms. This indicates that the combined
algorithm is superior to both GSVD and [ART in per-
forming ionospheric tomography and it can be applied to
improve the quality of the imaging reconstruction.

Now let us consider experiments using actual observa-
tion data. With TEC data derived from actual GNSS data,
the combined algorithm is applied to reconstruct the cor-
responding electron density distributions. GNSS pseudo-
ranges of low elevation angle satellites are sensitive to
multipath effects: in general, the lower the elevation an-
gle, the larger the multipath error. On the other hand,
GNSS data obtained at low elevation angles are important
for getting some information about the vertical distribu-
tions of IED. Hence, a crucial problem is how to select a
proper elevation mask angle for the CIT technique. A
large elevation mask angle reduces the vertical resolution
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of the inverted results; a small elevation angle reversely
affects the accuracy of IED inversion®. In this study, an
elevation mask angle of 10° is adopted. The reconstruc-
tion algorithm includes the capability to automatically
reject GNSS data of elevation angle less than 10° even if
ray paths may intersect the image plane. In this study,
GNSS observation data, which are recorded from
14:30UT to 15:00UT (22:30BT-23:00BT, BT
represents Beijing time) on 21 August 2003 and obtained
from the Crustal Movement Observation Network of
China, are used to study the variation of IED under mag-
netically disturbed condition. This specific period is
selected here because it can show some typical structures
of the ionosphere.

Figure 3 shows the variations of IED with altitude and
latitude along east longitude 114.5° at 15:00UT
(23:00 BT) during the magnetically active period on 21
August 2003 and magnetically quiet periods on 20 and 22
August 2003. Comparing Figure 3 b with a, one can see
that IED in the F region is depleted during the geomag-
netic storm on 21 August 2003, which appears as nega-
tive storm-phase effects. The maximum depletion of the
IED reaches 30%. The positive storm phase effects of the
ionosphere however appear latitudinally from 20°N to
37°N and altitudinally from 500 to 700 km above the
ground, and then the negative storm phase effects also
appear latitudinally from 37°N to 40°N. The recon-
structed results show that the storm-phase effects are not
only latitude-dependent but also altitude-dependent. Simi-
lar characteristics of the geomagnetic storm can also be
found in other time periods. In Figure 3 b, a clear iono-
spheric trough at 32°N can also be seen. IED value of the
trough is about 5.7 x 10" e/m>. Further moving towards
the north, IED increases and reaches a peak at 36°N,
where the peak height is about 320 km and the peak den-
sity of the ionosphere increases to 6.2 x 10" e/m’, and
then IED begins to decrease. However, the peak IED
reaches 8.0 x 10" e/m® south of the trough, and the peak
height is about 350 km, which is higher than the peak
height at the north of the ionospheric trough. Meanwhile,
an intensively disturbed structure of the ionosphere
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appears between 20°N and 35°N. From Figure 3 ¢, it can
be seen that IED gradient gradually comes back to the
state before the storm occurred.

Figure 4 illustrates IED variation with the longitude
and height at 30.5°Nand 23:00 BT. A clearly disturbed
structure of the ionosphere can also be seen in this cross-
section. Figures 3 b and 4 demonstrate that the combined
algorithm may be effectively used to reconstruct and
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Figure 5. Comparison of hmF2 values obtained from GNSS-based

CIT technique and those from ionosonde data recorded at Wuhan sta-
tion.
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Figure 6. A comparison of NmF2 values obtained from GNSS-based
CIT technique and those from ionosonde data.
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study large-scale ionospheric structure under disturbed
conditions.

To validate the reliability of the tomographic results,
both the NmF2 and hmF2 values obtained from ionos-
onde observations at Wuhan Station are compared with
those inverted by GNSS-based tomographic reconstruc-
tion. The peak height hmF2 and the peak density NmF2
obtained from the ionosonde observations and GNSS-
based tomographic results on 21 August 2003 are shown
in Figures 5 and 6 respectively. Comparison shows that
there is good agreement between the results from the
ionosonde data and the tomographic data as a whole. This
confirms that a reliable IED distribution during the mag-
netic storm on 21 August 2003 can be reconstructed using
the GNSS-based CIT technique.

The available ionosonde data at Wuhan station provide
an independent comparison of the electron density profile
reconstructed from actual GNSS observations. Figure 7
illustrates the comparison of the reconstructed electron
density profile with that obtained from ionosonde data re-
corded at Wuhan station at 15:00 UT on 21 August
2003. It shows that the tomographically reconstructed
profile agrees with that obtained from ionosonde data.
From Figure 7, it can be seen that the inverted electron
density values are larger than those obtained from the
ionosonde data above 200 km altitude. However, the
inverted electron density values are smaller than those
obtained from ionosonde data between 100 and 200 km in
altitude. The agreement of the two ionospheric electron
density profiles further validates the reliability of the
GNSS-based tomographic results.

The combined method is presented here and applied to
the reconstruction of IED from TEC measurements,
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Figure 7. Comparison of IED profile reconstructed from GPS data

with that obtained from ionosonde data recorded at Wuhan station.
(The unit of IED is 10" e/m?).
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which is derived from GNSS data. The feasibility of this
method has been demonstrated using computer simula-
tion, in which the ideal density distributions are provided
with TEC generated from the IRI 2001 model. The simu-
lated results show that the main ionospheric structures are
reconstructed well. This means that a smaller noise cannot
bring out a large effect on the tomographic reconstruction
of IED using the combined algorithm. Meanwhile, simu-
lated reconstruction results show that the combined
method is superior to both GSVD and IART in perform-
ing ionospheric tomography. After the simulated results
are validated, the combined method is then applied to
reconstruct a large-scale structure of the ionosphere dur-
ing a magnetically disturbed period, and the reconstructed
results illustrate some significant features of the iono-
sphere, such as ionospheric troughs and ionospheric
disturbed structure. The tomographic results are also
validated using ionosonde data observed at Wuhan sta-
tion.

Although the computation of the combined algorithm is
a little longer than that of GSVD or IART alone, when it
is applied to reconstruct IED images, it is negligible for a
high-performance computer with respect to the quality of
the reconstructed ionospheric image. In addition, the
main aim of this work is to get the three-dimensional
image of the ionosphere by means of GNSS-based
CIT technique. The temporal evolution of IED is not con-
sidered here. In future work, this method would be
extended to a fully four-dimensional tomographic recon-
struction by considering the temporal evolution of the
ionosphere.
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