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There is an increasing need to understand the behav-
iour of engineered earth systems, from the viewpoint
of safe waste disposal and exploration of renewable
energy sources. Often, human activities lead to signifi-
cant perturbations of the earth systems, involving hy-
drologic, mechanical, thermal and chemical processes.
Prediction of the long-term response of earth systems
to large perturbations is critical for evaluating their
design, performance and operation. Because many of
the processes involved in system response will mani-
fest over decades or centuries, field-testing during the
design stage is infeasible. In this connection, we pro-
pose that development of coupled process simulators
and testing them on natural analogs provided by geo-
logic systems may be fruitful. As example, we illus-
trate our attempts to simulate the development of two
types of cave systems— branchwork in meteoric
environments and mazework in hypogene or hydro-
thermal environments. Our computational models
combine hydraulic, thermal and chemical processes in
limestone fractures and consider the influence of sub-
surface heterogeneity as well. Our computational
results vividly demonstrate the mechanisms by which
branchwork patterns develop in meteoric environ-
ments and demonstrate how sustained dissolution
along upward flow channels can be established in
hypogene environments, thus creating favourable
conditions for development of maze patterns. Investi-
gations of system sensitivities in both types of envi-
ronments indicate that a surprisingly robust pattern
of behaviour results, thus serving as a target for de-
veloping simplified conceptual models of these sys-
tems. We also discuss the implications of our results
for design, operation and risk analysis of engineered
earth systems.

Keywords: Engineering earth systems, karst system
evolution, natural analogs.

Introduction

THE increased energy demands of the industrial societies
of the 20th century prompted the exploration of alterna-

*For correspondence. (e-mail: hari@colorado.edu)

1162

tive energy sources, including nuclear energy, geother-
mal, wind, tidal and wave energy. In the case of nuclear
energy, safe disposal of radioactive waste generated in
the fuel cycle emerged as an important need, prompting
the concept of subsurface or geological waste reposito-
ries'. At the same time, consumption of fossil fuels has
increased significantly, leading to increased emission of
carbon dioxide that is implicated in the recently docu-
mented warming climate®. Recent efforts have focused on
reducing carbon dioxide input to the atmosphere by sub-
surface storage of fossil power plant emissions’. Since
the 1960s, geothermal heat has been viewed as a promis-
ing source of renewable energy’, and the design and
operation of geothermal power plants remains an active
area of research’. All the above activities involve an in-
teraction between engineered and natural systems. They
require a refined understanding of the long-term response
of subsurface environments to significant perturbations,
involving several coupled processes, including evolution
of flow/thermal regimes, deformation (and perhaps even
fracturing), and geochemical alteration of medium prop-
erties by precipitation/dissolution reactions.

Coupled process (thermo-hydro—mechano—chemical)
simulation has been in development for the last 20
years®’, and advanced in step with the dramatic advances
in computational technology during the same period. To-
day, the term ‘multi-physics’ is more commonly used to
describe such problems. Both the complications resulting
from nonlinear coupled processes and the inherent het-
erogeneity of natural subsurface environments pose sig-
nificant computational challenges. The impacts of nuclear
waste disposal and subsurface carbon storage will only be
evident a few hundred years after disposal/storage opera-
tions commence. Thus, it is practically impossible to
validate coupled process simulators for evaluating the
long-term impacts of these operations. Although short-
term tests have been conducted, the wide separation in
time scales between deformation (fast), thermal and geo-
chemical (very slow) processes preclude full evaluation
of slower processes in these tests. Natural analogs in geo-
logical systems, where interacting coupled processes are
manifest in nature over very long time scales are promis-
ing in this context. Examples of such natural analogs
include: karst and cave systems®’, organized cementa-
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tion/precipitation patterns'®, systematic quasi-periodicity
in geysers and hydrothermal systems'', and low-level
natural seismicity'”. In several of these systems, self-
organized interactions between the coupled processes
lead to distinctly vivid patterns/features (e.g. cave shapes,
quasi-periodicity of geyser eruptions) that dominate their
overall behaviour. Thus these systems also serve as case
studies for evaluating the sensitivity of dominant behav-
iours to various levels of computational model complex-
ity and resolution, facilitating the identification of
minimum model requirements for predicting dominant or
“first-order’ aspects of both natural and engineered sys-
tem behaviour.

Motivated by the above considerations, the present
article presents some of our efforts to reproduce shape
patterns observed in cave systems using coupled process
models. Palmer® and Ford and Williams® have presented
classifications of major karst and cave systems in lime-
stone based on their shape patterns (morphology), along
with hypotheses relating their morphology to the envi-
ronment in which they developed. We focus on two spe-
cific types of cave morphologies — ‘branchwork’ (river
network type shapes) that typically originates in meteoric
(i.e. shallow recharge) environments, and ‘mazework’
that originates in various environments, notably in the up-
flow zones of hydrothermal flow systems, also referred to
as hypogene (i.e. water rising from significant depth) sys-
tems. Our computational models incorporate coupling be-
tween fluid flow, solute transport, dissolution, fracture
enlargement, permeability alteration, and in the hypogene
case, also include heat transfer in fractures and the sur-
rounding rock mass. We evaluate the basic ingredients
necessary for reproducing the morphology of branchwork
and mazework cave systems. We must note that even in
this era of high-performance computing, three-
dimensional simulations in fracture networks are a bit
prohibitive and we largely consider the development of
shape patterns within a single fracture or fault plane.

In this article, we first present the flow and transport
equations required for modelling karst evolution. We then
present computational results from our efforts to model
meteoric and hypogene karst evolution. We conclude with a
discussion of the insights gained from modelling karst
evolution and their relevance to engineered earth system.

Flow and transport equations

Our approach to modelling the evolution of karst systems
is based on aperture-averaged two-dimensional flow and
transport equations for variable-aperture fractures. Flow
and heat transport in the rock matrix adjacent to the frac-
ture are neglected in the meteoric case, but included in
the formulation for the hypogene case. For reference, we
define a coordinate system where the fracture is in the x—z
plane and the y-direction is perpendicular to the fracture
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with its origin on the mid-plane of the fracture. The aper-
ture-averaged flow equation in the fracture is:
%"‘V(p@:zipl’y |y=ib/2: (1)
where p is the fluid density, 5 the local fracture aperture,
q the aperture-integrated flux vector in the fracture plane
(x-2). On the right-hand side, 2+pV, |,_4;/, Tepresents
the flux across the two interfaces between the fracture
and rock matrix (+ for inflow into the fracture), which is
only considered in the hypogene case. The two-
dimensional flux vector in the fracture is defined as:

b3
q= —Ff(Re)[VP - pgl. (2)
U

where p denotes the fluid pressure, g denotes gravita-
tional acceleration (vector), ¢ is the dynamic viscosity of
the fluid and f(Re) represents the influence of turbulent
flow resistance, via the Reynolds number, Re, as explai-
ned further below. At low Reynolds numbers, f(Re) =1
and eq. (2) reduces to the well-known local cubic law.

In general, transport and dissolution of calcite in karst
systems is a multi-component reactive transport problem.
Andre and Rajaram'® showed that under closed-system
conditions representative of the early stages of karstifica-
tion (i.e. under fully saturated flow conditions) the multi-
component reactive transport problem can be reformu-
lated to involve a single transport equation (for Ca®"),
which however requires speciation calculations in the
calcium carbonate system to compute dissolution rates.
Alternatively, several previous works use an empirical
rate equation for calcite dissolution involving only the
concentration of Ca®' ions®'?. The aperture-averaged
effective transport equation for Ca®" (whose concentra-
tion in molal units is denoted by C below) can be repre-
sented as:

d(pbC

In eq. (3), D denotes the diffusion—dispersion tensor for
aperture-averaged transport. Chaudhuri er al."> presented
a dimensional analysis to show that the diffusion—
dispersion term may be neglected in comparison with the
advection and reaction terms in most realistic situations.
The term Rc denotes the wall flux of Ca*" in moles/m?¥/s
(dissolution rate plus the contribution from fracture-
matrix exchange; the latter is only relevant in the hypo-
gene case). The dissolution rate can be computed by
incorporating the influence of surface reaction, diffusion
across the aperture, and gradients in solubility associated
with temperature (and/or pressure gradients). The specific
forms of Rc used in the meteoric and hydrothermal case
simulations are described below.
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The heat transport equation in the fracture is used only
in the hypogene case (the meteoric system is assumed to
be isothermal), and is given by:

d(pbC,T)

SV (pah) =V (2b-VT)

a7, “)
= Zi[pvyhr _A‘r ay ]

y=1b/2

In eq. (4), T denotes the aperture-averaged water tempera-
ture in the fracture, C, the specific heat of water, s the
enthalpy of water in the fracture, A the thermal conductiv-
ity of water, A, the enthalpy of water in the rock matrix,
A, the thermal conductivity of the surrounding rock, and
T’ the temperature in the rock. The right-hand side of eq.
(4) represents the thermal exchange between the fracture
and the rock (positive for inward heat flux), which incor-
porates both advective and conductive exchange.
Alteration of the fracture aperture is computed based
on a mass balance of rock at the fracture walls, as follows:
9% = R_C 5)
o wp;
In eq. (5), wis the number of moles of Ca** per unit mass
of rock (calcite) and p, is the rock density. It should be
noted that the right hand side of eq. (5) scales as Cy/(@p,),
which is very small (order of 107), implying that the rate
of aperture growth is very small. This feature may be
exploited to treat the flow and Ca®' transport equations as
quasi-steady state equations in the meteoric case'®, or
explicitly couple aperture alteration to implicit formula-
tions of the coupled fluid flow and heat transfer equations
in the hydrothermal case'’. The next two sections de-
scribe additional features of the governing equations,
computational approaches and results for the meteoric
and hydrothermal problems.

Meteoric case simulations

Previous work has focused on the development of mete-
oric cave systems in fracture networks'®>* and outlined
factors controlling karstification rates and the morpho-
logy of meteoric cave systems. We consider variable-
aperture fractures in limestone that correspond to bedding
plane partitions or extensive fractures. Palmer® notes that
a very large fraction of the total length of cave passages
in a sample including about 500 caves are guided by
favourable beds or bedding plane partitions, wherein the
cave passages are often curvilinear. Although Hanna and
Rajaram'® previously examined karstification in variable-
aperture fractures, they did not consider the behaviour
after the onset of turbulent flow or demonstrate the de-
velopment of branchwork patterns. The goal of our simu-
lations is to understand how branchwork patterns develop
from flow in single fracture planes in meteoric karst sys-
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tems. In this case, we assume isothermal conditions at a
temperature of 15°C, so that there is no need to model the
temperature field (eq. (4)).

Additional specifications for flow and transport
equations

For the meteoric case, we used the following representa-
tion of the influence of turbulent resistance, modified
from Louis™, which reduces the fracture transmissivity
above a Reynolds number of 2300.

f@Re)=1,Re <2300; f(Re) =£, Re>2300. (6)
ReS/4

Sensitivity analyses®' did not reveal significant changes in
the evolution of the fracture aperture field when alterna-
tive turbulent resistance equations were used. The wall
flux term R in eq. (4) is represented as the smaller of a
surface reaction rate (Rc.suface) and a diffusion-controlled
rate (Rc,qirr), which are calculated as described below.
The surface-reaction rate is defined by:

RC, surface = k [1 - CQ] > (7)

S

where C; is the calcium ion concentration corresponding
to the solubility limit. At 15°C, a partial pressure pCO, =
0.003 atm at the entrance to the fracture, and closed
system conditions within the fracture, C;=1.768 X 107
moles/litre. The rate parameters in eq. (7) suggested by
Dreybrodt' are:

k=0.015 moles/m?/s; n = 2.2 for C/C, < 0.7,
k=0.131 moles/m*/s; n = 4.0 for C/C, > 0.7. (8)

The change in reaction order from 2.2 to 4 at a saturation
index of 0.7 (ref. 14) is the so-called kinetic trigger that
reduces the dissolution rate as the saturation or equili-
brium concentration is approached. It is believed to per-
mit reasonable dissolution rates to persist deep inside a
karst flow path and enable cave development over (geo-
logically) reasonable durations.
The diffusion-limited dissolution rate is computed from:

Reaigs = hm (Cs = C), €)

where Ay, 1s the mass transfer coefficient, given by:

h, = Shy D : Shy =8.24 (laminar),
2b
) (f/8)(Re—-1000)Sc (turbulent). (10)

T 127(f /828 1)
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In eq. (6), Dy, is the molecular diffusion for Ca*" in wa-
ter and Shy the Sherwood number. For laminar flow, a
value of Shy =8.24, corresponding to a wide rectangular
duct®® was used. For turbulent flow, the Gnielinski rela-
tionship® (after Howard and Groves®’) was used, where
Re is the Reynolds number, Sc is the Schmidt number
and fis the friction factor for hydraulically smooth flow,
given by the Blasius relationship f=0.316/Re”*. Flow
and calcite transport in the rock matrix are neglected in
the analysis of the meteoric karst evolution, which is con-
sistent with most of the previous work. As noted above,
heat transport in either the fracture or matrix is not con-
sidered in the analysis of meteoric karst evolution.

Computational results

Here, we present qualitative and quantitative results to
document the process of dissolution growth, increase in
effective transmissivity and emergence of the branchwork
pattern. The initial log-aperture field is a realization of a
stationary Gaussian random field with an isotropic expo-
nential correlation function (correlation length = 1 m). A
mean aperture () of 0.22 mm and different values of the
coefficient of variation (o/u) of the aperture field were
considered. The results presented in this section are based
on simulations in fractures with 51.2 x 51.2 m in-plane
dimensions, and a computational grid of 0.1 x0.1 m.
Cheung®' also presented simulations in a domain four
times larger and confirmed that the behaviour is similar
to that presented here. The boundary conditions involve a
mean flow driven by a constant hydraulic gradient,
imposed across two parallel sides of the fracture, with
no-flux boundaries on the two perpendicular boundaries.
On the inflow boundary, water enters the fracture with no
dissolved calcite. In the early stages of meteoric karst
evolution, the transmissivity is low and the assumption of
a constant hydraulic gradient is reasonable®’. The frac-
ture orientation may be considered arbitrary, although
constant head boundary conditions are most realistic
when we consider a mildly inclined bedding plane.

We begin by presenting a sequence of aperture, head,
flux and dissolution rate fields (Figure 1 @ and b) for one
realization of a variable aperture fracture with o/u=0.5.
The evolution of the entrance flux with time is shown in
Figure 2 for this simulation. The columns in Figure 1a
and b show the aperture, head, flux vector magnitude and
dissolution rate fields within the fracture at various times.
The preferential flow paths resulting from initial aperture
variability are evident in the flux field at r=0.5 years.
The corresponding dissolution rate field shows very low
dissolution rates in the interior of the domain, because the
Ca*" concentration builds up to saturation farther into
streamlines. Near the entrance, there are ‘fingered’ re-
gions of high dissolution rates, which are associated with
the preferential flow paths (see the corresponding flux
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magnitude field) or equivalently, locations of peaks in the
entrance flux (see Figure 2). Some of these regions
develop into dissolution fingers, as seen in the second
row of Figure 1 a (+ =10 years). Although many dissolu-
tion fingers are initiated, some of them cease to grow
beyond a point. At =10 and 25 years, five dissolution
fingers are continuing to grow. Interspersed between
these five fingers are several relict fingers, which have
evidently stopped growing.

The head fields at # =10 and 25 years show a flat re-
gion with little head drop from the entrance of the frac-
ture to the tips of the fingers. This is because the aperture
within the dissolution fingers is substantially larger than
outside the fingers, and the overall effective transmissiv-
ity near the entrance is increased as a result. The head
surface is flat not only within the fingers, but also in a
‘region of influence’ surrounding them, which extends
across the whole width of the fracture near the entrance,
and becomes wavy around the finger tips. Correspond-
ingly, the flux fields and entrance flux (Figure 2) show
that the flow is discharged from the entrance largely
through the fingers, even though flow initially entered at
comparable rates across the entire fracture (# = 0.5 years).
The dissolution rate fields (note that these fields are dis-
played using a nonlinear grey scale) at r=10 and 25
years show that high dissolution rates occur largely in the
dissolution fingers and at the finger tips and that the dis-
solution rate outside the fingers is orders of magnitude
smaller. This is because the large flux within the fingers
leads to low concentrations and thus larger dissolution
rates. Because of the large apertures, the dissolution rate
within the fingers is mostly determined by the diffusion-
limited rate (eq. (9)) rather than the surface-reaction limi-
ted rate (eq. (7)).

The locations of the four prominent fingers do not
directly correspond to the four largest peaks in the initial
entrance flux. Rather, a preferred spacing develops be-
tween the fingers. Two fingers that are very close will
compete with each other and only one of them will
propagate beyond a point. However, another finger that is
some distance away, and hence outside the ‘region of in-
fluence’ of the first finger can grow independently until
their regions of influence begin to overlap and they begin
to compete. The reason for this behaviour is clarified in
plots of the head field at =10 and 25 years. The impor-
tant point is that the head surface is flat in a ‘region of
influence’ surrounding fingers, which extends across the
whole width of the fracture near the entrance, and
becomes wavy around the finger tips. The width of the
undulations in the flat portion of the head surface sur-
rounding a finger become wider as the finger advances
down-gradient. Thus ‘nearby’ fingers (e.g. the third
prominent finger from the top, which has stopped grow-
ing at 25 years) that are within the ‘region of influence’
of a finger that has advanced further (e.g. the fourth
prominent finger from the top at 25 years) will not be
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Figure 1. a, Evolution of aperture, head, flux magnitude and dissolution rate fields for base-case meteoric karst evolution simulation (the coeffi-
cient of variation of the aperture field, o/u = 0.5). b, Base-case meteoric karst simulation at later times. The legends describe the gray scales used

in the plots.
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Figure 2. Evolution of entrance flux into the fracture for the base-

case meteoric karst evolution simulation corresponding to Figure 1 a, b.
Note that for ¢ > 25 years, the flux outside the fingers is smaller than
107 m%/s. Also note that only the flux in the dominant finger is increas-
ing with time. The finger to its immediate left carries almost no flux in
the plots after 25 years.

able to discharge much flow because of the flat hydraulic
gradient at their tips.

As time progresses, the finger which has advanced
farthest downstream typically grows at the fastest rate,
because it has the largest head gradient between its tip
and the downstream boundary, and hence is able to dis-
charge the most flow. There is also an element of positive
feedback involved in this process, in that the rate of
advancement of the dominant finger accelerates and far
exceeds those of the others. One dominant finger thus
‘breaks through’ the domain (41.5 years), leaving the
other fingers significantly behind. The flux field at break-
through shows a very large flow rate within the dominant
finger, with smaller flows in the other subdominant
fingers. Figure 2 shows that the flow rates into the
subdominant fingers is about one-fifth of that in the
dominant finger. Furthermore, the flux entering the sub-
dominant fingers either decreases with time or remains
constant, causing very little growth between 25 and 41.5
years. Similar behaviour was observed in the experimen-
tal studies of Ewers™ and explained by Ford and Wil-
liams®. However, in the experiments of Ewers®, the
locations of the fingers were determined by the locations
of the regularly spaced injection ports. In variable-
aperture fractures, an apparent regularity in the spacing
between fingers arises naturally as a result of the afore-
mentioned influence of growing fingers on the head and
flux fields within the fracture and in other fingers. The
development of systematic spacing between dissolution
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fingers has been described previously by Cheung®,
Cheung and Rajaram® and Scymzak and Ladd™.

We define the breakthrough time as the time at which
turbulent flow is first encountered anywhere in the
domain (typically within the dominant finger), which also
coincides with a dramatic increase in the flux through the
dominant finger, and its arrival at the outflow boundary.
In the early stages of turbulent flow, there is a strong di-
vergent flow from the tip of the dominant finger to the
downstream boundary, which leads to a flared growth
pattern (z = 45 years). The dissolution rate field at break-
through shows low dissolution rates in the central portion
of the dominant finger. These regions reflect the onset of
turbulent flow within the core of the dominant finger. Be-
cause the diffusion-limited rate is now controlled by tur-
bulent diffusion, which leads to a much larger mass
transfer rate, concentrations build up quickly and the dis-
solution rate reduces. However, high dissolution rates
continue to persist at the lateral fringes of the dominant
finger and in wider portions of the dominant channel,
where the local flux is lower, promoting widening of the
channel. Shortly after turbulent flow appears in the domi-
nant finger, there is a dramatic change in the behaviour of
the head field (¢ =45 years). Within the dominant finger,
turbulent resistance leads to significant head losses, while
the head in the surrounding regions (especially the sub-
dominant fingers) behaves as in the laminar flow regime.
As a result, significant head gradients are established be-
tween the tips of the subdominant fingers and the sides of
the dominant finger. The subdominant fingers now grow
towards the dominant finger and eventually coalesce with
it. This behaviour is evident in the last two aperture fields
in Figure 15. The pattern of dissolution growth seen in
the last two aperture fields is clearly suggestive of a
branchwork structure. Some anastomotic (loop) structures
are contained within the overall branchwork. With time,
flow in the subdominant fingers also becomes turbulent,
and the head surface is no longer flat in the upstream por-
tion of the fracture. These simulations were terminated
when half the cells in the domain had become encroached
by turbulent flow, and the last set of aperture, head, flux
and dissolution rate fields correspond to the end of the
simulation. It may be expected that if the simulation were
continued, the entire fracture would experience turbulent
flow, and aperture growth will occur throughout the en-
tire fracture at a slow rate, as opposed to the rapid selec-
tive growth during the laminar flow regime. However,
hydrology imposes a limit to the amount of flow that can
be discharged through the fracture and a branchwork pat-
tern will remain in place in nature, because the flux
through the bedding plane cannot exceed hydrologic
inputs. Cheung? presented numerical simulations with an
upper bound on the flux and confirmed that a branchwork
remains in place for a very long duration under these
conditions, with continuing growth within the branch-
work. In nature, the above competition between growing
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dissolution fingers may also be played out in a multiscale
sense over a hierarchy of flow systems and sub-systems,
and will also be influenced by the discrete nature of in-
puts from sinkholes.

Next, we briefly discuss the behaviour in fractures with
two different values of /4, 0.1 and 1.0. The same reali-
zation of the random field used in the earlier simulation
(Figure 1) was rescaled to obtain initial aperture fields
with different values of o/, while maintaining the same
hydraulic aperture (in other words, the geometric mean
aperture or mean of log aperture was maintained the same
in all cases), to enable a comparison between fractures
that are initially hydraulically equivalent. Figure 3 shows
the aperture, head, flux vector magnitude and dissolution
rate fields for /4 =1.0 and 0.1, at three times — before
breakthrough, at breakthrough and at the end of the simu-
lation. The o/u=1 case behaves very much like the
o/u=0.5 case, except that the subdominant fingers are
suppressed to a larger extent. In particular, the second
finger from the top is suppressed by the upward orienta-
tion of the two fingers below it, which interfere with its
growth. Cheung and Rajaram® also documented this type
of behaviour for larger values of /g The flux fields re-
veal a larger degree of channelling downstream of the
fingers, as is to be expected with an increased degree of
heterogeneity. The behaviour after turbulent flow is initi-
ated in the o/u=1 case, is also largely similar to that in
the o/u= 0.5 case.

In the relatively less heterogeneous o/u = 0.1 case, the
behaviour is somewhat different from that of other two
cases. The dissolution fingers are more linear and exhibit
very little branching during the initial growth phase. The
subdominant channels are not inhibited to the extent that
they are in the o/¢= 0.5 case, largely because of the lin-
ear growth and absence of branching, which ensures that
fingers do not interfere with the growth of other fingers
unless they are very close. It is interesting to note that the
regularity in the spacing between the fingers in the
o/u=0.1 case is much more striking than in the other
cases. This feature again results from the behaviour of the
head field associated with the high transmissivity within
fingers, as discussed previously. The flow fields at the tip
of the fingers in the o/u=0.1 case, are similar to flows
emanating from a high-transmissivity slot in a homoge-
neous transmissivity field®. It is also interesting to note
that due to the reduced degree of heterogeneity, the finger
that was dominant in the o/#=0.5 and 1.0 cases is no
longer dominant in this case; the finger at the upper
boundary breaks through first. Shortly thereafter, another
finger breaks through. Both these fingers are then joined
by nearby fingers that grow towards them in the turbulent
flow regime. It is interesting to note that in the mildly
heterogeneous o/u = 0.1, there is greater chance for more
than one channel to break through. Based on the behav-
1our simulated in several random field realizations, two
out of ten realizations for the o/u=0.1 case had two
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channels breaking through, while this did not occur in
any realizations with the higher values of o/u.

Next we discuss two quantitative attributes that sum-
marize behaviour at the scale of the entire fracture: the
flow rate through the fracture (which is also a surrogate
for the effective transmissivity) and the rate at which
calcite mass is removed. Figure 4 shows the evolution of
flow rate through the fracture with time, for all three val-
ues of o/u. Initially, the flow rate through the fractures is
almost exactly the same, because their hydraulic aper-
tures were equal. The fracture with o/u = 1.0 experiences
breakthrough (accompanied by a steep increase in flow
rate and onset of turbulent flow, ¢ = 26.5 years) first, fol-
lowed by the o/ =0.1 and the o/ =0.5 cases (r =40.5
and 41.5 years respectively). The abrupt jumps in the
flow rate after breakthrough correspond to times when
previously subdominant fingers were connected to the
dominant finger (in a sense, they represent ‘break-
through® of the subdominant fingers into the dominant
finger). The flow rate increases more gradually after tur-
bulent flow sets in, unlike just before the breakthrough
time. The cumulative rate of mass removal with time
(Figure 4) shows trends similar to the flow rate. In the
turbulent flow stage after breakthrough, the mass removal
rate is larger than during the early laminar flow stage, but
smaller than at breakthrough. In the turbulent flow stage,
the mass removal rate exhibits 1solated kinks, which are
associated with the connection of subdominant channels
to the main channel. Some of these peaks correspond
directly to the kinks in the flow rate vs time curves.

The above results have focused on a single realization
of a variable aperture fracture. In order to ascertain the
general features of variation in quantities such as the
breakthrough time with o/u, it is useful to consider
behaviour in a number of realizations. Simulations were
carried out in a total of 10 realizations up to the break-
through time. The variation of the ensemble average
breakthrough time with o/¢ is shown in Figure 5. The
bars around the data points represent +/— one standard
deviation bounds, based on the variability in break-
through time across the realizations. Although not shown
in Figure 5, the breakthrough time in a one-dimensional
flow system (or equivalently a fracture with a homogene-
ous initial aperture field, o/u= 0) was computed as 1504
years. Compared to a one-dimensional flow system where
instabilities and fingered growth cannot be represented,
the breakthrough time in variable aperture fractures with
two-dimensional features is reduced by more than an
order of magnitude. Our simulations indicate that the
breakthrough time varies non-monotonically with o/g,
although this non-monotonic variation is only minor
compared to the dramatic reduction in breakthrough time
from that in a one-dimensional flow system. In an overall
assessment, we may conclude that heterogeneity plays a
significant role in accelerating the rate of increase of
effective transmissivity of limestone fractures in the
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meteoric case, although the specific nature of heterogen-
eity is of secondary importance.

Hypogene karst simulations

There are relatively fewer reports of previous attempts to
model the origin of hypogene caves and karst system
evolution in hydrothermal flow systems. Andre and
Rajaram' presented a multi-component reactive transport
model coupled to fluid flow, heat transfer, and aperture
growth in a one-dimensional fracture, exchanging heat
with a two-dimensional rock mass (i.e. vertical cross-
sectional model). They considered upward flow driven by
a constant head gradient, with a geothermal gradient
maintained constant at some distance from the fracture in
the rock mass. Their key conclusion was that it is indeed
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possible for conduits to grow significantly over geologi-
cally reasonable time-scales. They also made two other
important observations: (1) the behaviour during the early
stages of development is explained largely based on the
retrograde solubility of calcite (i.e. increasing solubility
with decreasing temperature along a flow path), without
requiring a detailed representation of dissolution kinetics;
and (i1) buoyant convective flow via the Rayleigh—Benard
type instability could arise in the intermediate and late
stages of karstification, and may contribute to the devel-
opment of mazework patterns. The first observation
greatly facilitates computational tractability, as explained
here. The second observation suggests that computational
models of this problem would be incomplete if they do
not account for buoyancy-driven flow, hence demanding
a multi-dimensional representation of the flow system to
allow convection rolls. Chaudhuri e al.'” revisited the
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impermeable rock layer at the outer boundaries, and 900 m above the impermeable rock layer in the

centre, with a linear increase away from the centre on both sides).

problem using such a multi-dimensional approach. They
confirmed most of the early-time behaviour observed by
Andre and Rajaram'’, and showed further that buoyant
convection is indeed initiated when the fracture per-
meability is increased beyond a certain value. Both the
aforementioned studies considered a vertical fracture with
constant pressure boundary conditions (greater than
hydrostatic pressure at the bottom to drive upward flow).
In this section, we expand the above investigations to
consider fracture dissolution in a mountain hydrologic
system, wherein a water table provides the driving head
for upward flow. This is a more realistic setting than the
constant pressure boundary conditions imposed at the top
and bottom of the fracture in previous work. Figure 6
shows a schematic representation of the flow system. In
the mountain hydrologic system, the presence of the low-
permeability layer at depth creates an initial flow pattern
where flow lines descend from the water table through
the upper rock unit and flow out upwards through the
fracture (to springs or other surface discharges). The
boundary conditions for the flow are set up with a water
table rising from the fracture at a constant slope of 0.1 on
top and an impermeable boundary at the bottom. A
steady-state water table condition is imposed for this
simulation. In future work, we will use a specified re-
charge rate and allow the water table elevation to be tran-
sient in response to the evolving fracture permeability.
The thermal boundary conditions for the problem are
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imposed as a linear temperature variation from 50°C at
the bottom to 10°C at the top at the outer edges of the
rock, to represent a geothermal gradient. There is some
subtlety involved in specifying the boundary conditions
at the top of the fracture zone. A soil layer is defined at
the top of the fracture, where permeability is not altered.
The boundary conditions for the heat transport problem at
the top of the soil layer are set up so that downwelling
water has a temperature of 10°C, and upwelling water
flows out at the computed boundary temperature (i.e.
there is no conductive flux out of the domain in these
regions).

Modifications to the general flow and transport
equations

The main modifications to the general flow and transport
equations for the hypogene problem are outlined below.
We used a different and more recent form for the turbu-
lent resistance law>', which provides a smoother transi-
tion over a range of Reynolds number:

1

Re)=——«———.
SR 1+0.00838Re

(1D

To simulate behaviour in the mountain hydrologic sys-
tem, it is also necessary to represent flow and heat trans-
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port in the rock matrix. The flow equation in the rock
matrix is the conventional saturated porous medium flow
equation.

90 v (pvy =0,
ot

(12)
where the porosity ¢ can change with time due to dissolu-
tion/precipitation. In eq. (12), ¥ denotes the Darcy flux
vector in the rock matrix. The heat transport equation in
the rock matrix is the three-dimensional equation:

I(PCpTr)

5 +V- (v )=V (A4 -VI) =0.

(13)

In eq. (13), Cy, is bulk specific heat and other quantities
are as defined previously. In the flow and transport equa-
tions for the hypogene system, the density of water (p) is
explicitly represented as a function of temperature (7)
and pressure (p), to simulate buoyancy forces. Addition-
ally, the viscosity (#) and enthalpy (A, A,) are also repre-
sented as functions of temperature. The dependence of p,
h, hy and pon T and p are fitted using rational polynomi-
als®®. Simulation of hypogene karstification involves cou-
pled transient solution of the flow and heat transport
equations in the fracture and rock matrix eqs (3), (4),
(12), (13).

As noted previously, the evolution of the hypogene
karst system is largely controlled by the retrograde solu-
bility of calcite, and there is no need to solve a solute
transport equation for Ca*". Instead, we assume that the
fluid is locally in equilibrium with calcite everywhere.
However, the variation in solubility (due to temperature
and/or pressure variations) along a flow path implies a
mass flux of Ca?", which balances the source term from
calcite dissolution and inflow from the rock matrix (Rc)
to conserve mass. Chaudhuri ez a/."> showed that the mass
flux of Ca®" is dominated by the advective flux, and the
diffusive/dispersive fluxes can be neglected. Thus the rate
of aperture alteration can be expressed from eq. (5) as:

9 _VWCd.p) (14)
ot wp,

For use in eq. (10), the solubility of calcite (C,) needs to
be specified as a function of temperature and/or pressure.
This function is defined as:

C (T, p) = (1+0.0024(p = po)) (15)
X (1.42x107 =1.97 x 1077 =4 x 1078 72),

where p, is a reference pressure, and 7 is in degrees C.
Note that the C decreases with temperature. An impor-
tant difference between the simulation of the meteoric
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system from the previous section and the hypogene sys-
tem is that there is no finger formation, propagation or
competition. The rate of alteration can be computed from
eq. (14) and coupled explicitly to the flow and heat trans-
port equations. Yet, it is evident from eq. (14) that pre-
ferential flow paths (higher flux) will grow at a faster rate
all along their length in the early stages of karstification,
when the solubility gradient is more or less uniform in
space and potentially lead to pattern formation. As we
will see later, buoyant convection provides another
mechanism for pattern formation.

Computational results

In this section, we present two sets of simulations to
illustrate the evolution of hypogene karst in a mountain
hydrologic system. The geological context for the pro-
blem could involve exhumation of a limestone unit with a
long vertical fracture/fault, resulting in the formation of a
water table and a deep-circulating flow system. Karstifi-
cation is enabled by upward flow, which causes increased
solubility and thus sustains dissolution along a flow path
within the fracture. In the first simulation, we consider a
fracture with an initial aperture that varies only with
height from 0.3 mm at the bottom to 0.65 mm at the top
(such a variation is consistent with the greater lithostatic
stresses at depth). There are no aperture variations in the
x-direction initially. Figure 7 shows the evolution of the
aperture, temperature and flux fields in the fracture
through time. Initially, the water flux in the fracture is
upward (with no x-variation) in the entire fracture. The
upward flux increases with height (z), due to lateral inflow
from the rock. The temperature also does not vary with x,
and the variation with z is almost linear, because the lateral
inflow negates the influence of forced convective effects.
The aperture growth rate will be larger at higher z, because
of the increased water flux (see eq. (14)). At r=24,953
years (Figure 7 a2, b2 and c2), the aperture and effective
transmissivity have grown large enough to lead to buoy-
ant convective flow cells (Figure 7 ¢2), and the aperture,
temperature and flow fields start to exhibit variations in
the x-direction. In this particular case, we see 6 convec-
tion rolls; and in other simulations, we have seen 4-8
convection rolls. The temperature field shows higher
temperatures in upward flow paths, but there is still a
temperature gradient sustaining dissolution growth in
these regions. In the downward flow regions, precipita-
tion occurs (because solubility decreases along the flow
direction). Because the overall effective transmissivity of
the system (rock + fracture) does not increase signifi-
cantly, the total upward water flux integrated over any
horizontal section of the fracture does not change signifi-
cantly with time. To satisfy this constraint, the upward
flow zones where the transmissivity increases become
narrower with time, and the downward flow zones where
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Figure 7. Evolution of aperture, temperature and volumetric flux fields (magnitude is in log scale) at three different times for hypogene karst evo-

lution simulation in an initially homogeneous aperture field: (al—c1) at conductive-forced convective regime, ¢ = 13,446 years, (a2—¢c2) just after

the onset of buoyant convection, ¢ =

transmissivity decreases become wider (compare Figure
7 a2 and 7 a3). This flow configuration remains stable for
a long duration. Thus, this simulation shows how the
phenomenon of buoyant convection can lead to a regular
pattern of dissolution channels sustaining upward flow,
even in a system where the total hydrologic flux remains
more or less constant, due to the constraints imposed by
the low rock permeability. Note that in contrast with the
meteoric system, the dissolution channels are formed
largely near the outflow boundary and not from the
inflow boundary.

In the second simulation, we consider a variable-
aperture fracture defined by perturbing the linear aperture
variation in the first simulation with a zero-mean iso-
tropic stationary random field (log-normal, with a stan-
dard deviation of log-aperture =0.1, and a Gaussian
correlation function with a correlation length of 170 m).
The flow field at 10,706 years (Figure 8cl) shows pre-
ferential flow channels along which the aperture has
enlarged preferentially because of the larger water flux
(see eq. (14)). Similar behaviour was noted by Andre and
Rajaram' and Chaudhuri ez al.'”. At the same time, there
is also a general (albeit smaller) increase in the aperture
over large regions of the fracture due to the upward flow.
When the effective transmissivity exceeds a threshold,
buoyant convection rolls are formed (#= 15,672 years,
see the downward flow regions in Figure 8c¢2). With
time, it appears that the preferential flow channels form a
template as the up-flow channels in the buoyant convec-
tive flow pattern. Otherwise, the overall behaviour is not
very much different from that of the first simulation, ex-
cept that in this case, the dissolution channels sustaining

CURRENT SCIENCE, VOL. 97, NO. 8, 25 OCTOBER 2009

24,953 years, and (a3—c3) final configuration with narrow upward flow channels, ¢ =

26,412 years.

upward flow were formed before the onset of buoyant
convection, and there is an earlier onset of buoyant con-
vection. In terms of time scales, it is useful to point out
that the time required for the onset of buoyant convection
in the mountain hydrologic system is longer by a factor of
2-5 compared with similar simulations that were based
on constant pressure boundary conditions imposed at the
ends of the fracture alone'’. This is largely because the
flow rate through the system is restricted by the low per-
meability of the rock matrix that flow has to pass
through.

Although we see the development of a pattern of
up-flow channels in both simulations, we have not suc-
cessfully produced a maze-like network. This leads to
several questions about the mode of origin of maze net-
works. We first note that it is plausible that with different
degrees of heterogeneity (and spatial correlation lengths)
in the fracture aperture, preferential flow channels formed
at intermediate times (e.g. as in Figure 8 al) dominate the
behaviour and buoyant convection never occurs. If we
take a multiscale view of the geological system repre-
sented at the kilometre scale in Figure 6, the rock mass
itself may be fractured, with a greater intensity of fractur-
ing near the fracture/fault plane. If we now consider
a dissolution channel that forms due to upward flow
through a network of smaller fractures with lengths of the
order of 10-100 m, one can imagine how such a network
can be uniformly enlarged to form a maze (the key point
is that unlike in the meteoric case, where there is finger
competition, there is no mechanism to prevent dissolution
of multiple branches of a flow path in the hypogene
case). It is interesting to note that conditions for the
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Figure 8. Evolution of aperture, temperature and volumetric flux fields (magnitude is in log scale) at three different times for hypogene karst evo-
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the onset of buoyant convection, ¢ = 15,672 years, and (a3—c3) final configuration with narrow upward flow channels, ¢ = 18,138 years.

formation of such a maze can occur either due to prefer-
ential flow resulting from heterogeneous initial aperture,
or by buoyant convective flow, which leads to discrete
upflow channels. These up-flow channels could also lead
to hot spring discharges that are known to occur in hy-
pogene karst systems, including the famous thermal
springs at Bath, England'>*, which are more common
than hypogene caves.

>

Discussion: what did we learn about karst
evolution and how is it relevant to engineered
systems?

First, we should note that ‘caves’ are large enough for
humans to walk in, sometimes incorporating room-size
passages. Clearly, there are a lot of late-stage processes
involved in these transformations (e.g. transition from
aperture-filling to open channel flow and potential
descent of channels) that are beyond the reach of our
modelling approaches. However, our simulations of the
meteoric system indeed demonstrate the early stages of
the formation of a branchwork pattern, consistent with
observations of meteoric karst systems. Future work will
focus on modelling the transition to open channel flow
and subsequent evolution of cave passages. It may be ex-
pected that after open channel flow is initiated, the lower
portion of the conduit will continue to dissolve and there
will be a stage of passage enlargement by downcutting.
As noted above, we did not really demonstrate the deve-
lopment of a maze network in the hypogene case simula-
tions. Indeed, we cannot successfully reproduce three-
dimensional maze-like structures without advanced
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computations of coupled processes in three-dimensional
fracture networks. Nevertheless, the simulations pre-
sented here are highly illuminating, in that they show
how dissolution (and hence karstification) can be sus-
tained along upflow paths resulting from either buoyant
convection and/or preferential flow, thus establishing
ideal environments for hypogene cave formation. It is
also encouraging that our simulation results are able to
distinguish between salient aspects of meteoric and hypo-
gene karst evolution. Simulations of coupled processes in
large three-dimensional discrete fracture networks are
beyond the capabilities of the coupled process simulators
of today. Modern parallel computing combined with
innovative ideas on multiscale modelling hold promise in
the context of future work on this problem, and it will
serve as a useful test-case for demonstrating the fidelity
of the next generation of high-performance coupled proc-
ess codes.

As we stated in the first section, simulations of coupled
processes in geological systems can yield useful insights
on dominant phenomena and guide the development of
simplified, efficient models for engineered earth systems.
We now elaborate further on this theme. In our view,
there are three important elements that can be distilled
from our investigations of karst evolution, relating to: (i)
the importance of fractures to flow and transport pro-
cesses in rock masses, (ii) the role of heterogeneity in the
context of coupled processes in complex earth systems
and (ii1) the limits to ‘predictability’ in engineered earth
systems, and consequences for design and operation.

In low-permeability rock masses, fractures occupy a
very small volume fraction, but dominate the overall
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behaviour of transport processes. Thus, tracking the evo-
lution of fracture properties is important; note that the
fracture transmissivity has a very sensitive (cubic)
dependence on aperture. The results in the two previous
sections clearly suggest that the dominant consequences
of coupled-process interactions may be completely
missed if we use an equivalent porous medium model
rather than a fracture-based conceptual model. We
believe that there is a strong case for building useful frac-
ture-based conceptual models to predict the response of
rock masses to engineered perturbations. Although the
field of rock mechanics has investigated mechanical per-
turbations in detail, several of the engineering problems
mentioned in the introduction require investigation of
coupled processes. In general the properties of fractures
and fracture networks are controlled by interactions be-
tween hydraulic (pressure-dependent aperture), mechani-
cal (deformation and fracturing), thermal (expansion/
contraction of rock) and chemical (dissolution/precipi-
tation) processes. Discrete fracture network models for
understanding the response of fractures (the primary
transport pathways in low-permeability rock) to engi-
neered perturbations are still under development’, and
will be greatly aided by advances in high-performance
computational technology.

The substantial literature on stochastic subsurface
hydrology™! examines the influence of the ubiquitous het-
erogeneity in properties of natural earth materials on flow
and transport, proposing elegant theoretical relationships
for macrodispersion coefficients and effective transmis-
sivities. This body of literature has also provided us with
a humbling perspective on the uncertainties involved in
modelling subsurface flow and transport. At first glance,
the whole enterprise of coupled-process simulations for
predicting the behaviour of complex earth systems may
appear daunting in the light of heterogeneity and uncer-
tainty. Yet, there is a certain robustness in the conse-
quences of nonlinear interacting processes investigated
here, which transcends the detailed representation of het-
erogeneity, and seems to be a result of self-organization
inherent in the coupled interactions. For instance, in the
meteoric karst simulations, the differences in behaviour
across the three different o/u cases considered are of
secondary importance —in all cases, a single dominant
finger emerges, and the variation of the breakthrough
time with o/u is insignificant compared to the difference
from an idealized parallel-plate fracture. The dominant
behaviour (breakthrough of a single or occasionally mul-
tiple fingers) is fundamentally the same for any realiza-
tion of the initial aperture field. The behaviour after
turbulence is also similar; furthermore this behaviour is
relatively insensitive to details of how turbulent resi-
stance is represented.

Thus the investigation of the meteoric karst evolution
provides us with useful insights about the behaviour of
related engineered systems where fracture dissolution
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results from interaction between relatively fresh solutions
and rock minerals (e.g. leakage of dams through underly-
ing gypsum or limestone formations®”; injection of CO»,,
which leads to carbonated solutions®; acid injection to
improve efficiency for oil recovery>®). In all these cases,
formation of dissolution fingers is probably the robust
dominant behaviour, and their influence should be con-
sidered in design/operation. We may never be able to
precisely predict a priori the paths followed by dominant
dissolution channels even with extensive site characteri-
zation. A better alternative may be to proceed with the
understanding that fingers are bound to form, and (a)
make design modifications (e.g. grout fractures) that will
restrict their growth or (b) design monitoring schemes
that can locate fingers after they form (but before it is too
late) and control their propagation. It is plausible that in
some cases, the engineering operations (a) and (b) are
simply impractical. In such cases, the engineering deci-
sion making process should acknowledge that ‘runaway’
fingers are the dominant feature of these systems and
accept the risk associated with the inability to pinpoint
the location of these fingers. Based on our modelling re-
sults, we believe that for a given set of conditions, it
should be possible to at least estimate finger velocities
and other relevant properties of fingers based on a com-
bination of Monte-Carlo simulations and theoretical
analyses, which would greatly aid in quantifying the
probability of runaway growth over a given time horizon.

Similar comments apply in the case of systems with
significant thermal perturbations (e.g. nuclear waste
repositories). Andre and Rajaram'® and Chaudhuri ez al.”’
showed that there is a long dormant phase followed by a
rapid jump in the flow rate through fractures experiencing
growth by dissolution under certain conditions. Our simu-
lations in the previous section also suggest that the onset
of buoyant convection happens relatively abruptly, when
the effective transmissivity of the fracture crossed a thresh-
old value. It is thus important in these cases to properly
account for density gradients and constrain the time
scales associated with various critical transformations in
system behaviour. Although, we have not considered ex-
amples where precipitation is the dominant process, simi-
lar arguments can be made in the context of permeability
reduction by precipitation, which may be beneficial for
instance in the context of forming a barrier against solute
or radionuclide transport, or a hindrance in the case of
scale formation in geothermal energy systems. Chaudhuri
et al.”® recently presented an analysis suggesting the ten-
dency for the formation of precipitate bodies aligned per-
pendicular to flow in a variable-aperture fracture, which
is favourable from the viewpoint of containment, but un-
favorable in terms of maintaining permeability.

In conclusion, we believe that much can be learned
from testing coupled process simulators for engineered
earth systems against natural analogs. The ability to re-
produce important natural phenomena even qualitatively
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will greatly strengthen our confidence in applying these
simulators as analysis tools for evaluating the long-term
behaviour of earth systems subjected to significant human
perturbations. We have only presented a small and simple
subset of such systems here. There is a large class of inter-
esting problems involving thermal, hydrologic, mechanical
and chemical (THMC) interactions® that are increasingly
coming within the reach of modern high-performance
computation. Careful simulations accounting for the role
of fractures can yield useful insights on the dominant
behaviours emerging from these interactions, and guide
engineering design, operations and risk analysis.
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