HISTORICAL NOTES

Critical evidence to fix the native place of Aryabhata-I

K. Chandra Hari

An attempt has been made to know the native place of the great Indian astronomer Aryabhata. Opinion is
divided between Kusumapura and Kerala, and with the identity of ASmaka in dispute, the scope of the inquiry is
limited to the pursuance of legends in Kerala and some efforts to understand the place of the astronomer
from his work Aryabhatiyam. Here the study is focused on Aryabhatiyam and relying on Aryabhata’s two
distinctive signatures that we see, viz. (1) Latitude of Ujjayint being given as at 1/16 of the Earth’s circum-
ference north of Lanka. (2) Earth’s diameter being 1050 yojanas or circumference 3299 yojanas using his
accurate value of n=3.1416. It is demonstrated here that the place Aryabhata had been at 10°51'N,
7545'E. It is further explained that the latitude derived based on the equatorial circumference given by Aryab-
hata marks the spot where the coastline of Kerala cuts the Hindu prime meridian, i.e. Ponnani, a major Arab

trade centre since ancient times.

Aryabhata, the author of Dasagitika and
Aryastasata (both together is known as
Aryabhatiya), is undoubtedly the greatest
Indian Astronomer. In respect of his times
there is certainty, even though there is a
controversy on the precise date of his treatise
Aryabhatiya, Kali 3600 elapsed (AD 499)
or Kali 3623 elapsed (AD 522)? Looking
back by about 1500 years, the 23 years
difference is negligible and we can be
sure that Aryabhata lived in the first half of
the 6th century AD. However, with regard
to his native place. Opinion is divided
between Kerala and Kusumapura (near
modern Patna), and scholarly opinion' lately
is in favour of Kusumapura. Ganita, the
latter half of verse 1 reads as follows:

Aryabhatstviha nigadati kusumapure-
bhyarcitam jnanam,

meaning ‘Aryabhata sets forth here the
knowledge honoured at Kusumapura’. A
little emendation to the verse as:

Aryabhatstviha nigadati kusumapuref
bhyasitam jnanam,

gives the meaning, Aryabhata sets forth here
the knowledge acquired at Kusumapura,
and when the same is placed against the
Kerala tradition of astronomy founded on
Aryabhatiyam and Bhaskariyams leaves
no doubt that the great astronomer was a
native of Kerala. As Kusumapura had a
great university in those days, it is likely
that the rich natives of Kerala had taken
up higher studies at Kusumapura and
Aryabhata may have been one such na-
tive who returned to Kerala and wrote
Aryabhatiyam. A Concise History of Sci-
ence in India® gives a contradictory ac-
count:

‘...scholars have thought for a long
time that Aryabhata was either born in
Kusumapura or lived and taught in that
great city of ancient India. Such a view
now appears untenable in the light of
recent studies on the works of Bhaskara-
I and his commentators and also of the
medieval commentators of Aryabhata. In
these works, Aryabhata is frequently
referred to as an asmaka, that is one
belonging to the Asmaka country which is
the name of a country in the south,
possibly Kerala ... the fact that commen-
taries of and works based on Aryabhatiya
have come largely from South India,
from Kerala in particular, certainly consti-
tute a strong argument in favour of
Kerala being the main place of his life
and activity.

But the scholarly opinion is strongly in
favour of a Kusumapura origin of Ary-
abhata and his works, as may be noted
from the account of Georges® as well:

‘A veritable pioneer of Indian astronomy,
Aryabhata is without doubt one of the
most original, significant and prolific
scholars in the history of Indian science.
He was long known by Arabic Muslim
scholars as Arjabhad and later in Europe
in the middle Ages by the Latinized
name of Ardubarius. He lived at the end
of the 5th century and the beginning of
the 6th century CE, in the town of Kusu-
mapura... .

Kuppanna Sastry, one of the doyens of
the last generation in the field of Indian
astronomy and history of astronomy,
has discussed the issue on the following
lines:
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‘As far as astronomical works are con-
cerned, it seems that the Kerala coun-
try was the seat of its development in
the South. It is all based on the Aryab-
hatiya, with or without corrections called
the bijas ... How Aryabhata came to be
connected with the Kerala country is yet
to be explained. He is called A$maka (i.e.
one born in the A§maka region) and
some say that an early name of the erst-
while princely state of Travancore was
Asmaka (Apte’s Dictionary). But many
say that the region near the Vindhyas
was called the Aémaka country ....°

Sarma® describes Aryabhata as having
flourished at Kusumapura (modern Patna)
and explains that the system of Aryabhata
in North India owing to the criticisms
from later authorities like Brahmagupta,
Vardhamihira and Sripati. He also ob-
serves that with the popularity gained by the
great works of Bhaskara-II, the Aryabhatan
system was practically effaced from North
India and not even a manuscript or a
North Indian commentator of Aryabhata
appeared in the scene after Bhaskara-II.
Sarma has also spoken of the legends
prevailing in Kerala related to Sanskritiza-
tion of the vernacular name of Kotu—
nnalliir, which was the place of an obser-
vatory in ancient times. Kotunnalliir or
either of the Kallir names may be
equivalent to a§maka (hard black stone),
and legends which describe Aryabhata as
a native of Kerala are present since ancient
times. He is believed to have propagated
his teachings at Kusumapura in North India.

Shukla’s discussion on the issue sup-
ported by Sarma who had been the great-
est authority on Kerala’s astronomical
tradition and treatises almost nails the
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conclusion® that Aryabhata was a native
of Kusumapura. When discussed the is-
sue with Sarma, he pointed out that the
following popular speculations early re-
searchers held notions like Ad$maka re-
ferred to by Bhaskara-I as the sanskritized
vernacular name of Kotuinnalliir. Subse-
quently references to ancient Tamil lit-
erature suggested that the original name
of Kotunnalliir was Kotumkoliir and not
Kotumbkalliir, the vernacular equivalent of
Aémaka, viz. kotum-kal’. Given the back-
ground of the sanskritization of vernacular
names of places as we find illustrated
with Aévattha-grama (Alattlir) of Parames-
vara in 1450 AD, Safigama-grama (Irinja-
lakkuda also known as Kiutalmanikyam
after a legend of the local temple) 1400
AD, and numerous such innovative names
like Sukabhavukam for Tattamaiigalam,
Silavipinam for Parakkatu, etc. Speculation
still exists that Admaka is the sanskritiza-
tion of Kalliir, a name with which differ-
ent places exist in Kerala, since ancient
times. Kotakal or Kotakalliir’ which had a
prehistoric stone memorial that gave it
the name, became Tirunavaya in later
times. ‘Mahamagham’ was held for 12-
yearly deliberations on Sastras and has
been associated with the Kerala astro-
nomical tradition as early as AD 683, the
times of Haridatta, popular in vernacular
language as Naranathu Bhranthan® through
legends. Kerala has several Siva temples
and Saiva signature that we see in Bhaskara-
I can be explained irrespective of which
Kallar we consider as the equivalent of
Asmaka. Kotakal is said to have a place
nearby called Kalliir, associated with a
Siva temple; presently it falls in the Kutti-
ppuram taluk. Based on these speculations
Aryabhata is considered to be a native of
Kerala, despite the scholarly assessment
referred to earlier and with many websites
portraying him as a Kerala astronomer®.
A concise account about the life and
works of Aryabhata is available in Fncy-
clopedia Brittanica:

‘Aryabhata I or Aryabhata the Elder to
distinguish him from a 10th-century
Indian mathematician of the same name,
he flourished in Kusumapura —near
Patalipurta (Patna), then the capital of
the Gupta dynasty — where he composed
at least two works, Aryabhatiya (c. 499)
and the now lost Aryabhatasiddhanta.
Aryabhatasiddhanta circulated mainly
in the northwest of India and, through the
Sasanian dynasty (224-651) of Iran,
had a profound influence on the deve-
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lopment of Islamic astronomy. Its con-
tents are preserved to some extent in
the works of Varahamihira (flourished
c. 550), Bhaskara I (flourished c. 629),
Brahmagupta (598—c. 665), and others.
It is one of the earliest astronomical
works to assign the start of each day to
midnight. Aryabhatiya was particularly
popular in South India, where numer-
ous mathematicians over the ensuing
millennium wrote commentaries’ (sic).

The above references amply illustrate
the debate going on in respect to the native
place and the place of astronomical ob-
servations of Aryabhata, and the prevail-
ing conclusions are speculative in nature.
It also becomes apparent that the 1500-
year-old tradition consisting of a galaxy
of great astronomers as well as the mod-
ern ones (at least since the publication of
Parame$vara’s commentary on Aryab-
hatiya by H. Kem'' in 1874), studying
the works of Aryabhata could not find
any astronomical data that enable identi-
fication of his native place or the place
of observations.

It is against the above background that
an attempt is made here to present astro-
nomical evidence that supports the origin
of the Aryabhatan School of Astronomy
in Kerala. A simple rationale underlying
the measure of the earth’s circumference
given by different astronomers when consi-
dered against the background of the con-
flict of the latitude of UjjayinI and earth’s
circumference leads us to a precise method
in finding the native place of the astronomer
who originally gave the dimension of the
earth’s circumference.

The two traditions of Ujjayin1’s
latitude and earth’s circumference

Just as Aryabhata himself gave two
siddhantas which became popular as Au-
dayika and the Ardharatrika siddhantas,
we meet in the history of Indian astro-
nomy two specific conflicts in which
Aryabhata is involved: (i) Conflict of the
latitude of UjjayinI and (ii) Conflict of
the earth’s circumference.

A closer look at these conflicts throws
light on the native place of Aryabhata, as
is explained below.

Conflict of the latitude of Ujjayint

Aryabhafiya Gola — verse 14 specifies the
Indian or Hindu prime meridian in the
words:

TSI BT BT Tereag+iil |
IO BT TeagRe FHITRAT (95 |

‘From the centre of the land and water,
at a distance of one-quarter of the earth’s
circumference lies Larnka; and from Lanka
at a distance of one-fourth thereof, exactly
northwards, lies UjjayinT’.

The verse spells out that on the prime
meridian, Ujjayin is located at one-sixteenth
of the earth’s circumference north of Lanka
and thus the latitude of UjjayinT turns out
to be 360°/16=22°30'N. Shukla'’ and
Sarma have given a discussion on this
aspect in their critical edition of Arya-
bhatiyam. To quote:

‘...This makes the latitude of Ujjayint
equal to 22°30'N’. This is in agree-
ment with the teachings of the earlier
followers of Aryabhata, such as Bhaskara-
I (AD 629), Deva (AD 689) and Lalla
and the interpretations of the commen-
tators Some$vara, Stiryadeva (b. AD 1191)
and Parameévara (AD 1431). Even the
celebrated Bhaskara-1I (AD 1150) has
chosen to adopt it.

However, Brahmagupta (AD 628) dif-
fered from this view. He had taken Ujjayint
at a distance of one-fifteenth of the earth’s
circumference from Lafika and likewise
the latitude of UjjayinI as equal to 24°N.
Some of the commentators of Arya-
bhatiya who favoured Brahmagupta’s view
changed the reading ‘taccaturamse’ into
‘pancadasams$e’. The commentator Siirya-
deva, who first interpreted the original read-
ing ‘taccaturamse’, later remarked:

UjjayinT lanikayah pancadasamse samot-
taratah,

ie. Ujjayinl is at a distance of one-
fifteenth of the earth’s circumference to
the exact north of Lanka is the proper
reading because Brahmagupta wrote:

Lankottarato fvanti bhiiparidheh pan-
cadasabhage ...

This quotation brings out the salient
features of the conflict which may be
enumerated as follows:

e Aryabhata gave the latitude of Ujjayini
as 360°/16 North of Lafika and it had
acceptance among only his followers.

e Brahmagupta and others like Vara-
hamihira' did not agree with Aryabhata
and established an alternate school of
thought and tradition.

e Bhaskara-II apparently agreed with
Aryabhata but some followers of Ary-
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abhata like Siiryadeva could not find
any rationale underlying the Aryab-
hata’s notion and they did tacitly ac-
cept Brahmagupta as correct.

e Apart from what Shukla and Sarma'
have discussed, we can see that the
Stiryasiddhanta also did not agree with
Aryabhata in the matter.

e Shukla has quoted Nilkantha who has
tried to explain the conflict by crediting
Aryabhata’s reference of 22°30'N to a
different Janapada at that latitude. But
this is not correct as any reference to
Ujjayind in ancient texts obviously hinted
at the location of the Mahakale§var
temple, whose latitude according to
modern determination is 23°13'N.

(_Iause of the conflict and
Aryabhata’s place

The Aryabhata notion of UjjayinT’s latitude
is based on the idea of equinoctial shadow
(known as Palabha or Palaprabha) of 5
afigulas for a gnomon of 12 aiigulas'®.
Just as Lanka is a hypothetical place on
the equator on the meridian of Ujjayini,
Aryabhata fixed the location of Ujjayini
on the prime meridian hypothetically as
where the gnomon gave a ratio of 5:12,
ie. 12 x tan ¢ = 5, where ¢ is the latitude
of the place equal to 22.5°. It was the
practice of ancient astronomers to iden-
tify important places in terms of gnomon
ratiols, so that the cara and rasi-mana
could be easily computed for such places
and checked by observation. Had Brah-
magupta taken ¢=24°N for Ujjaying,
then the equinoctial shadow for the place
should have been 05;21 in sexagesimal
notation, meaning 5 angulas 21 vyangulas
(5.34) and not 5.0 as is known in the tra-
dition and recorded in Sanskrit geo-
graphical tables, which may have come
down through repeated copying. For ex-
ample, the tables published by Pingree'®
accurately mention of the shadows in
units of vyangulas and as such a mistake
of 21 vyaiigulas for Ujjayini by Aryab-
hata seems unreasonable. In the four tables
that Pingree had published, UjjayinT is
shown to be Palabha = 5, while differences
can be seen in respect of other places
across the tables. Values have been given
precisely for such measures for Indore
5;20, Jambusar 4;58, Mandu 4;57, Kanci-
puram 2;30, Kuruksetra 6;55, Yoginipura
6;24, Hastinapura 6;30, Junagadh 5;0,
Somanath 5;06, Lahore 7;30, Jalalabad
5;10, Jalandhara 7;0, Jagannathapuri 5;30

and 5;44, Deogarh 5;04, Brahmapuri 5;20,
Nadiad 5;02, Naimisaranya 5;47, Prayaga
5;45, Baroda 4,52, Broach 4;08, Mathura
6;0, Malwa 5;30, Mithila 6;0, Ayodhya
6;07, Agra 6;30, Delhi 6;03, Cambay 4;59,
Nagapura 5;0, Goa 3;0 and Kasi 5;45. It
may be noted in this context that during the
time of Aryabhata, the gnomon had a history
of nearly 1000 years in India and thus the
astronomers may have been quite fami-
liar with its use in astronomy.

Given the above precision of gnomon
shadow available in the Indian tradition,
how could Aryabhata miss the latitude of
UjjayinT by 1.5°, if we accept that the
tradition initiated by Brahmagupta is cor-
rect?

In other words, had UjjayinI been known
to be at 24°N, how could astronomers
without exception give it the equinoctial
shadow of 5;0?

We can therefore be certain that Ary-
abhata stated the longitude on the basis
of the 5:12 gnomon ratio and he was
precisely correct in placing UjjayinI at
1/16 of earth’s circumference from Lanka.
Does this mean that Aryabhata was un-
familiar with UjjayinI proper and the fa-
mous Mahakala temple?

‘With Kusumapura being at 25°35'N,
85°15’E, how is it possible that an astro-
nomer living there was not familiar with
the intersection of the Hindu prime meridian
and the tropic of Cancer?’

We shall revert to this important ques-
tion after having a look at the implica-
tions of gnomon in finding an answer to
the above question.

History of the use of gnomon
and sensitivity of the shadow
measurement

Use of gnomon is traceable in India to
the antiquity of 300 BC, as may be under-
stood from reference to gnomonic
shadow measurements in Ardhasastra of
Canakya'’. Surviving records of ancient
Greek astronomers like Hipparchus'®
(150 BC) also suggest the familiarity with
gnomonic computations much before the
time of Aryabhata (AD 500). Studies on
Hipparchus and Ptolemy have shown that
the latitude of Alexandria could be fixed
to a precision of quarter of a degree as
early as AD 150 and places falling on the
tropic of Cancer had been well known in
astronomical circles centuries before the
times of Aryabhata'’. We may in this re-
spect also refer to the famous legend of
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Eratosthenes measuring the earth’s cir-
cumference with the help of observations
between Alexandria and Syene in 200 BC,
the latter well known to be on the tropic
of Cancer at 24°N. How could then a
conflict of the latitude of UjjayinI have
its genesis in Aryabhatiyam and continue
to prevail in India for 1500 years?

Palabha well known in those days could
have been known to Aryabhata for Ku-
sumapura (25°30'N) as 5:40 precisely
and with the prevalence of smaller units
like vyangulas, he had no reason to up-
hold an approximate measurement like 5
afigulas = 300 vyangulas for ‘Ujjayint
proper’ marked by the Mahakalesvar
temple. The temple and Ujjayinl had
been famous during the time as is evident
from the Meghadit of Kalidasa and
thus Aryabhata living at Kusumapura
(25°30’N) had no reason to remain vague
in respect of the equinoctial shadow at a
place close to it, where the tropic of Can-
cer intercepted the prime meridian.

Evidence of the Carakhandas of
Palabhda = 1, 4.775 °latitude

Support to the above contentions can be
drawn from the Carakhandas or ascen-
sional differences given in astronomical
texts of the Aryabhata tradition for
Palabha = 1, which means the latitude of
4.775°. Places where the equinoctial
shadow had been integers were well known
to the astronomers, so that the rasimanas in
asus could be worked out for those places
using the Carakhandas. Accuracy depended
upon the sensitivity of Palabha if they
were to derive the rasimanams™ reasonably
accurately by the thumb rule given in
Mahabhaskariya I11.8, where the ascen-
sional differences of high latitudes have
been derived using multiplying cara-
khandas of Palabha 1 with the equinoc-
tial shadow of locations. Mallikarjjuna®!
in his commentary on Sisyadhivrdhida-
tantra mentions the equinoctial shadow
north of the Vindhyas as 521—0 and is il-
lustrative of the accuracy sought by ancient
astronomers. Given such practices, it is for
Palabha = 5, the latitude given as 22°30’
by Aryabhata is correct.

Could Aryabhata have been at
Kusumapura (25 30N)?

Given the above background of the use of
gnomon, is it possible that an astronomer

observing the sky at Kusumapura (25°30'N)
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could have differed in fixing the latitude
of UjjayinT at 24°N by 1.5°? Is it possible
that Aryabhata had observational experi-
ence at higher latitudes given the approxi-
mated 5:12 notion of the equinoctial
shadow for UjjayinI proper at 24°N? Fur-
ther, we find no mention in Aryabhativa
regarding UjjayinI as situated south of
his place of observation. As the shadows
fell differently towards south of Ujjayini,
an astronomer working north of the
tropic of Cancer in all probability would
have made a mention of it as we see in
the case of Greek astronomers. In the
works of Greek astronomers who were
living north of the tropic of Cancer, a
clear trend of mentioning the difference
in the direction of shadows north and
south of the tropic of Cancer is available.
It is also reported that the Arab astrono-
mers visiting Alexandria had recorded
this observation of the difference in the
direction of shadows in Alexandria com-
pared to their places south of the oblig-
uity of the axis.

Also, we must note that the Sun is over-
head twice a year in places south of
Ujjayini, while no such phenomenon was
possible at a place north of UjjayinI or
north of 24°N, where the shadow fell always
south of the east-west line of the gnomon.
With obliquity as 24°N, Aryabhata’s
UjjayinT at 22°30'N had shadows falling
north. Aryabhata could not have invited the
criticism of Varahamihira who lived in
Ujjayini, had he been familiar with the
north latitude of UjjayinI and beyond like
Kusumapura.

Further, we may look for a parallel
with the history of Alexandria where in
200 BC, Eratosthenes knew that at Seyene
the sun could be seen at the bottom of a
well on the day of the solstice, while in
Alexandria the sun transited 7.2° lower
the zenith. With an approximation of the
distance between the places, Eratosthenes
is said to have computed the circumference
of the earth. Kusumapura and Ujjayint
present us a similar picture, but no explana-
tion has been ever put forth to explain the
circumference data available in the work
of Aryabhata and others.

Evidence of the gnomon therefore
suggests that at the time of writing the
Aryabhatiyam, the astronomer had been
living in the south and it is quite unlikely
that he may have moved north of UjjayinT
or that he may have belonged to Kusuma-
pura. Adherence to the Aryabhata notion
of UjjayinT at 22°30'N in later times was not
the real UjjayinT as we see in the mention
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of Varahamihira, Brahmagupta, etc. It only
meant a place like Lanka 0°N on the
equator, known by coordinates as at 22°30'N
having an equinoctial shadow of 5 angu-
las. This is astronomically more correct
than the notion of placing the true Ujjay-
inT at 24°N, which may have been in er-
ror by 20 min as the obliquity amounted
to 23°40’ only in AD 500 and Ujjain was
30° South of same with latitude 23°10'N.

Aryabhata placed Ujjayini at 22°30'N
corresponding to the gnomon ratio of
5:12 as a consequence of his non-fami-
liarity with the historical Ujjayini, where
the shadow was in excess by 20 vyangulas.
Nilakantha’s (AD 1500) comments which
justify 24°N for UjjayinI on the basis of
equinoctial shadow (Shukla quotes™) and
justification adduced for the hypothetical
Ujjayini of Aryabhata at 22°30'N, offers
ample demonstration to the fact that at
the time of writing Aryabhatiyam, Arya-
bhata was not familiar with UjjayinI as
was Nilakantha in later times. It is likely
that he wrote Aryabhatiyam in Kerala at
the age of 23 and in later times when he
migrated to Kusumapura, the verse having
reference to Kusumapura and those prais-
ing Lord Brahma got added.

Further, he had been at Kusumapura
within 3° of the tropic of Cancer, Aryab-
hata could have derived a better estimate
of obliquity as Hipparchus or Ptolemy has
done.

Evidence of Prime Meridian and
Kusumapura

Invariably astronomers have to specify the
distance in yojanas of their local meridian
with the Hindu Prime Meridian of Lanka—
Ujjayinl so that ‘De$antaram’ can be ap-
plied in planetary computations, especially
moon. This is not the case with Aryabhata
and this is possible only by the fact that
he lived at a place located on the prime
meridian. Kusumapura being at 25°35'N,
85°15'E, i.e. 9.5° east of the prime merid-
ian of Lafika, Aryabhata must have given
the accurate distance of his meridian. De-
fining his meridian may have been one of
the basic exercises that Aryabhata would
have undertaken had he been making his
observations at significant distances east
or west of the Ujjayint meridian. We may
for example note that Parames$vara had de-
fined his place A$vatha (sanskritization
of Alattiir in the same way as Kallir be-
came Asmaka) as at 18 yojanas east of
the meridian of Ujjayinl. UjjayinI being

at 75°45'E, the west coast of Kerala offered
astronomers the ideal sea horizon required
for making observations. Also Desantharam
or longitudinal correction for Lanka
could have been ignored as places were in
a narrow band of longitude to the Lanka
meridian.

Even in his lunar eclipse computations,
Aryabhata has failed to mention that Ku-
sumapura was 87 yojanas east of the
prime meridian of Ujjayint/Lanka. Such
omission is possible only when the astro-
nomer had been observing the sky at the
prime meridian.

Conflict of the earth’s circumference

Just as in the case of the UjjayinI latitude
that Aryabhata gave as 22°30'N, we meet a
conflict of Aryabhatiya other treatises in the
matter of diameter and circumference of
the earth. Aryabhata in Gitika-7 gives 1050
yojanas as the diameter, which translates
to 3299 or 3300 as circumference, accepted
in commentaries of Aryabhativam using
7=3.1416 and Sisyadhz’vrdhida. If the 7
value is taken as V10 as we see in ancient
texts; then the circumference will be
3320 yojanas. As against the above, in
Stryasiddhanta™ and according to Brahma-
gupta, etc. we find 1600 yojanas as the
diameter and 5000 or 5026 or 5059.64/
5060 yojanas as the circumference. The
Indian astronomical tradition is almost
divided into two groups in the choice of
either of the above two values.

(a) Lalla gave the circumference as 3300.

(b) Bhaskara-1 gave the same as Aryab-
hatTya = 3299 (Sastry™*).

(c) Vateévara® gave 1054 yojanas as dia-
meter and 3311.24 as circumference.

(d) Bhaskara-Il gave 4967 yojanas™® as
equatorial circumference.

Modern researchers have failed to take
note of the cryptic content of the basic
data and the underlying rationale of the
two traditions of the earth’s circumference
as given by Siaryasiddhanta and Arya-
bhatiya, or as is seen between Aryabhata
and Brahmagupta.

Circumference according to
Saryasiddhanta and its cryptic content

The Siryasiddhanta value is 5060 yoja-
nas at the equator and at UjjayinI it was
4622 yojanas for 24°N. Yojanas per de-
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gree of longitude is 12.84 at UjjayinI by the
rule ‘Equatorial circumference x cos ¢’
where ¢ is the latitude of the place. If we
think of the rationale underlying such choice
of 5060 or 3299 yojanas for circumference,
the only logic that we can find is that at
the place of the observer the circumfer-
ence shall be an integer multiple of 360,
so that the distance in yojanas for 1/6th
of the nazhika (1/360) or per degree lon-
gitude could be represented by an integer.
An integer value for the place of obser-
vation facilitated easy application of De-
$anthara_yojana. Little arithmetic sug-
gests that the Saryasiddhanta value had
its origin at the latitude of Alexandria:
5060 x cos 31.5° =4314. Adjusting for
4320 yojanas, cos ¢ =4320/5060 = 31°23".
With circumference as 5026 yojanas using
the correct value of 7=3.1416, we get
¢=30°45" and 1/6 of a nadika or 4 min
of time per 12 yojanas at the latitude of
Alexandria. Precise latitude of Alexandria
according to modern findings is 31°13'N,
and this gives equatorial circumference
as (360 x 12)/cos 31°13’ = 5051.37.

Supporting evidence of Greek
astronomy

Eratosthenes (276-194 BCE) is known to
have computed the earth’s diameter using
the following data®’.

The Alexandria—Syene distance = 5000
stadia. Depression of sun on solstice
at Alexandria = 7.2° = 360/50. Therefore
the earth’s circumference = 5000 x 50 =
250,000 stadia and the diameter is
250,000/7= 79,580 stadia. Also, it is be-
lieved that later some correction was
made and the final value of 252,000 was
given by Eratosthenes. It is easy to realize
that the correction was meant to achieve
the equivalence of 700 stadia and 1° at the
equator so that at Alexandria the equiva-
lence is 700 x cos 31° = 600 stadia and the
circumference is 216,000 stadia.

Scholars have mistaken the Eratosthenes’
determination as the circumference of
Alexandria and possibly created expla-
nations to suit the same. Thus controver-
sies have come up which point out that
Syene and Alexandria are separated by
less than 5000 stadia, etc. In fact, Eratos-
thenes took the separation as only 4320
stadia and that multiplied by 50 gave him
the value 216,000 and the same trans-
ferred to the equator gave the value
216,000/cos ¢ = 250,000.

The Indian value for the circumference
as we see in Siryasiddhanta was adopted
from the Greek with the unit conversion
of 50 stadia as 1 yojana. Thus we get the
circumference of the earth at the equator
as 252,000/50 = 5040 yojanas or 14 yoja-
nas per degree of terrestrial longitude at
the equator. Alternately, as shown earlier,
the circumference at Alexandria was taken
as 216,000/50 = 4320 yojanas at 31°N
and the same transferred to the equator
gave the value 5040, thus resulting in in-
teger values of yojanas per degree of
longitude at both the equator and at Al-
exandria.

Circumference according to
Aryabhatiya and its cryptic content

With above ideas in mind, when we look
at Aryabhata’s value of circumference at
the equator, it can be gleaned that the
odd value of 3299 chosen points towards
the choice of an integer value of yojanas
per degree of terrestrial longitude at his
place. Applying little trigonometry with
which Aryabhata was familiar, we may

create an algorithm (Table 1) to find the
latitude of the astronomer’s location from
the circumference value.

The algorithm can be worked out easily
on an Excel worksheet and the possible
latitudes of the original astronomer who
gave the value of the circumference may
be found out and verified using infor-
mation from other sources. Also, the truth
of the method and underlying rationale
may be verified from known information
about Brahmagupta, Bhaskara-II, etc. Tables
2—-6 show the values of circumference
given by various Indian astronomers.

Aryabhata (Table 2)

It becomes evident that the Aryabhata’s
value could have evolved only at the lati-
tude of 10°51'N. This in turn provides
evidence for the fact that in Kerala, the
latitude 10°51’N is the place where the
coastline cuts the prime meridian of
UjjayinT and is coincident with the con-
fluence of the Bharatappuzha with the sea.
It is the first point of land between Shornur
and Calicut that is on the Ujjayini meri-

Table 1. Equatorial circumference of Stryasiddhanta

Circumference Integer yojanas Latitude (¢)
at 0°N (C) yojanas per degree (Y) cos ¢ = Y x 360/C (degrees)
5040 8 0.57 55.15
5040 9 0.64 49.99
5040 10 0.71 44.42
5040 11 0.79 38.21
5040 12 0.86 31.00
5040 13 0.93 21.79
5040 14 1.00 0.00
5040 15 1.07 -

Note: 4230 yojanas at the latitude of Alexandria became 5040 yojanas at the equator.
Greeks had been smaller units like stadia 4320 yojanas = 4320 x 50 = 216,000 stadia
and 5040 yojanas = 5040 x 50 = 252,000 stadia.

Table 2. Equatorial circumference of Aryabhatiyam

Circumference Integer yojanas

Latitude (¢)

at 0°N (C) yojanas per degree (Y) cos ¢ = Y x 360/C (degrees)
3299 5 0.55 56.93
3299 6 0.65 49.10
3299 7 0.76 40.19
3299 8 0.87 29.19
3299 9 0.98 10.85
3299 10 1.09 -

Note: Odd value of 3299 yojanas that Aryabhatiyam gives could have given an integer
value per degree of longitude only at 10°51'N. In the history of astronomy it may be
noted that Aryabhata gave the minimum value of 3299 yojanas at 0°N, as he himself
lived closed to the equator at 10°51'N and the cosine formula allowed low value. On the
other hand for astronomers at high latitudes the cosine formula gave a high value of

equatorial circumference.
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dian. At all other latitudes the Ujjayint
meridian intercepts the latitudes of Kerala
(<10°51'N) in the sea. It is therefore evi-
dent that a specific place falling on the me-
ridian of Ujjayinl and also on land was
probably the seat of an ancient observa-
tory and hence Aryabhata had made a
distinct choice of 3240 yojanas as the cir-
cumference at that precise location.

We obtain a clinching evidence to support
the above fixing of latitudes based on
Aryabhatiyam in the works of Parames-
vara and Nilkantha®® as they give the place
of observation of the eclipse as Agvat-
thagrama, where the equinoctial shadow
is 2 angulas and 18 vyangulas, i.e. 2.3 and
the corresponding latitude is 10°51’N. As
stated by Paramesvara, his native village
Agvatthagrama, i.e. Alattlir is 18 yojanas
east of the prime meridian of Ujjayin and
so his longitude was 77°45’E, towards east
in the hills, but he had been observing the
sky at the confluence of Nila and the sea.

Truth of the above interpretation can
be further illustrated using the value of
Brahmagupta, viz. 5000 yojanas, Bhas-
kara-1I, viz. 4967 yojanas and Vate$vara,
viz. 3311.24 yojanas.

Brahmagupta (Table 3)

Brahmagupta too followed the same ratio-
nale and his latitude can be fixed by noting
that 5000 yojanas of equatorial circum-
ference becomes 4680 yojanas @ 13 yoja-
nas per 1/60 nadika or per degree of
longitude. cos’1(4680/5000) =20°37', which
is same as the latitude of modern Bulsar

(20°36'N, 72°59'E), Bilimora (Bhilmora or
Bhilmala 20°46'N, 72°58'E), which form
the southern boundary of Gurjara (mod-
ern Gujarat). Identification of Bhinamala
as in north Gujarat is open to doubt in
view of the above identification®.
Vyaghramukha from the Capa dynasty
ruled over the Gurjara kingdom that ex-
tended from Srimal to the banks of Nar-
mada and Bhilmora or Bhilmala 20°N46’
stood on the south side. Identification of
Bhilmala with $1imal may be a later
development, when Srimal got the name
Bhinamala as known®® from the Jaina
sources.

Further, S1Tmal north of Mount Abu falls
on the tropic of Cancer with ¢=24°N and
thus on the latitude of Ujjayinl. But we
find no mention of this astronomically
important fact in the work of Brahma-
gupta. An astronomer working on the
tropic of Cancer and not mentioning the
day when the gnomon casts no shadow, is
quite unlikely. Even though Brahmagupta
criticized Aryabhata for crediting Ujjay-
inT at 1/16th of the earth’s circumference
north of Lanka and correct it to be 1/15th,
Brahmagupta did not point out that his
own place fell on the 24°N latitude. It is
therefore evident that the Bhilmala of
Brahmagupta’s time was south of
Bhrgukaccam and its latitude was near
about 20°30'N.

Bhaskara-II (Table 4)

Bhaskara-II belonged to a place near
modern Bir (Bid) with coordinates 19°00'N,

Table 3. Brahmagupta latitude 26°61'N

Circumference Integer yojanas

Latitude (¢)

at 0°N (C) yojanas per degree (Y) cos ¢ =Y x 360/C (degrees)
5000 9 0.65 49.61
5000 10 0.72 43.95
5000 11 0.79 37.63
5000 12 0.86 30.23
5000 13 0.94 20.61
5000 14 1.01 -

Table 4. Bhaskara ll, ¢ = 19.57°

Circumference Integer yojanas

Latitude (¢)

at 0°N (C) yojanas per degree (Y) cos ¢ = Y x 360/C (degrees)
4967 9 0.65 49.28
4967 10 0.72 43.55
4967 11 0.80 37.13
4967 12 0.87 29.57
4967 13 0.94 19.57
4967 14 1.01 -
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75°50’'E, and as above it can be shown
that the place he chose was at latitude
19°34'N on the meridian of Ujjayini
(75°45’E), so that the circumference there
was 4680 yojanas, i.e. 13 yojanas per 1/6
of the nadika or per degree of longitude.
4680/cos 19°34" gave him 4967 yojanas as
the equatorial circumference and dividing
it by x gave him the diameter as
1581 yojanas.

It must be noted that 4967 yojanas is an
odd number and the choice was guided
by the place of observation of Bhaskara-
II, which is near the modern Aurangabad.

Bhaskara-II in Lilavati’' gave the dif-
ferent value of 3927 yojanas as the equa-
torial circumference. This change in value
was most likely made when he shifted to
UjjayinT in the later stages of his life.
UjjayinT was roughly 4° north of Bhas-
kara’s earlier station at 19°34’ and this
gave 23°34' as the latitude of UjjayinI’s
location. 3927 x cos 23°34’ = 3600 yojanas
and thus Bhaskara chose 10 yojanas per
1/6 nadikas or degree of longitude at
UjjayinT (Table 5).

The choice of two odd values like 4967
and 3927 yojanas by Bhaskara-II during
his lifetime, having no rationale, now finds
an explanation in the latitude of his
places of observation and the fact that he
had shifted to UjjayinI to be the head of
the observatory at UjjayinI.

Vatesvara (Table 6)

Vatesvara’s choice of 3311.24 yojanas
provides irrefutable evidence for the Yo-
jana criterion as may be understood from
the discussion given below.

Shukla has shown that Vate$vara be-
longed to Vadnagar in Gujarat, which
was on the same latitude as Dasapura on
tropic of Cancer (24°N). Vate§vara be-
longed to the Aryabhata School and ac-
cordingly, UjjayinI was at 22°30'N.
Vatesvara, instead of fixing integer yo-
janas for his place of observation, fixed
the equatorial circumference for UjjayinI
22°30'N as 3311.24 x cos22.5 = 3060 yo-
janas, i.e. @ 8.5 yojanas per 1/6 nadikas.
Based on this yojana value of 8.5 at
22°30’N, Vatesvara fixed equatorial
circumference as 360 x 8.5/cos22.5 =
3311.24 yojanas.

Varahamihira

In Pancasiddhantika®, Varghamihira®
gives the circumference as 3200 yojanas.
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Table 5. Second value of Bhaskara-Il at ¢ = 23°55’

Circumference Integer yojanas

Latitude (¢)

at 0°N (C) yojanas per degree (Y) cos ¢ =Y x 360/C (degrees)
3927 9 0.83 34.41
3927 10 0.92 23.55
3927 11 1.01 -

Table 6. Vatesvara: UjjayinT as reference

Circumference Integer yojanas

Latitude (¢)

at 0°N (C) yojanas per degree (Y) cos ¢ =Y x 360/C (degrees)
3311.24 7 0.76 40.44
3311.24 8 0.87 29.57
3311.24 8.5 0.92 22.46
3311.24 9 0.98 11.91
3311.24 10 1.09 -

His rationale is also based on Aryabhata’s
stipulation of Ujjayini’s location at 22°30'N
i.e. 1/16 of the paridhi and thus 3200 yo-
janas was chosen to place Ujjayini of
Aryabhata at 200 yojanas and the 24°N
ayanarekha of his place of observation,
Avanti at 213.333 yojanas north of the
equator. Further, Varahamihira modified
the Aryabhata value of 3299 yojanas to
suit his later place of observation at Ku-
sumapura. Taking the latitude of Kusu-
mapura as 2°N of Avanti, Kusumapura got
configured, as near to 26°N and there the
circumference was derived as 3200 x
cos 25°50" = 2880 yojanas, i.e. 8 yojanas
per degree of longitude in modern terms.

Mihira’s modification of Aryabhata’s
value based on 10°51'N to suit the lati-
tude of Kusumapura taken as 15° further
north of the place of observation, i.e.
10°51'N + 15 =25°51'N, is yet another
evidence for the Kerala origin of Aryab-
hata and his subsequent migration to Ku-
sumapura. It may be noted that the 9
yojanas per degree at 10°51'N (= 3240)
got transformed as 8 yojanas per degree
at 25°51’'N (= 2880) and this made Vara-
hamihira to adopt the circumference as
3200 yojanas.

Striking evidence can be seen in
Laghumanasam®® of Manjula, where two
values have been suggested, viz. 3600
and 4800 yojanas as equatorial circum-
ferences by different interpretations of
the related verse. Both these lead us to a
place at the latitude of Kusumapura
25°50'N, close to which the place Prakasa
is located as well, which is shown to be
of latitude 25°36’'N based on the Palabha
of 5:45.

Even though Aryabhata in his brief
treatise is silent about the spasta-bhiiparidhi,

the idea is well attested in the tradition of
Aryabhatiya, as may be noted from
Sisyadhivrdhidatantra of Lallacarya®:

TETFRT ST @l 99
TRTYRTCRN f& feReyfers
feammYe qaw T TpT
AERTeTHOSC AT 19.83 |

The equatorial circumference of the earth is
3300 yojanas. Its diameter is 1050 yoja-
nas. Equatorial value multiplied by 12
and divided by the hypotenus of the
equinoctial shadow (Palakarna) of a place
gives the true circumference of earth at
that place.

As 12/Palakarna = cos ¢, where ¢ is the
latitude of the place, the rule is

Spasta-bhiiparidhi = Bhiimadhyaparidhi x
cos ¢@.

This for the equatorial value of Aryabhata,
viz. 3299 yojanas gave spasta-bhiiparidhi as
3240 yojanas at ¢= 10°51'N. Though
Aryabhata has not given the rule explicitly
in his brief treatise, it is apparent in the
verse 11 of Golapada, where Meru the
abode of Gods at the pole 90°N is de-
scribed as follows:

. : . Y
BT JaTaHRT feweer aRfdTer
TEATARI AR I A<l g 199 |

Commentators have taken the verse to
mean the height of the Meru, whereas
Aryabhata has meant the circumference
and so the interpretations have been con-
fusing. Taking the verse as referring to
circumference at 1’ short of the pole at
90°N, i.e. 89°59', we get the right meaning
of the verse as 3299 x cos89°59' =
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0.96 = 1 yojana. It is just about 1 and so
he expressed Meruryojana matram which
is the correct reading rather than Meru-
ryojana matrah which is translated as
Meru is exactly one yojana in height®®. It
is unlikely that Aryabhata meant 1 yo-
jana height as that of a mountain when
the earth’s circumference is 3299 yojanas
and 1 yojana is just 6’ of arc, not even
quarter of the diameter of the solar or
lunar disc.

It is therefore evident that Aryabhata’s
choice of an odd number like 3299 was
to have the spasta-bhiiparidhi at 10°51'N as
3240 =360 x 9, giving 9 yojanas for each
degree of terrestrial longitude at his place
of observation, where the Ujjayini meri-
dian had intercepted the west coast of
Kerala.

Further, Aryabhatiyam offers no clue
in terms of the yojanas east or west of his
place of observation®’ from the meridian
of Ujjayinl. This is possible only when
the astronomer had been living at a place
where he could use the UjjayinT meridian
as the prime meridian. Data discussed
above can be summed up as in Table 7.

An examination of the earth’s circum-
ference as given by prominent astrono-
mers of the Indian astronomical tradition
leads one to the conclusion that Aryab-
hata was a native of Kerala and his na-
tive place had the coordinates 10°51'N,
75°45’E corresponding to Ponnani. This
place has astronomical significance as it is
here that the coastline of Kerala inter-
cepts the Hindu prime meridian. Ponnani
was the most famous centre of Arab
trade in Kerala, which placed it clearly in
contact with Alexandria and Babylon,
and thus it was ideally situated to be-
come the birthplace of refinement and
revolution in Indian astronomy.

Confusion on the length of the
yojanas

In the preceding section we gave a scien-
tific explanation for the varying lengths
that we see for yojana as a unit of dis-
tance. With such bewildering difference
of 3299 and 5000 yojanas that is seen be-
tween Aryabhata and Brahmagupta for
the circumference of earth, defining the
yojana as a unit of distance is quite impos-
sible. Just as the 12 angulas of a gnomon
could vary in dimensions depending on
the choice of length by the astronomer,
the yojana too was defined by the astro-
nomer and its magnitude depended on

1183



HISTORICAL NOTES

Table 7. Data summary of the places of astronomers

271 at 0°N (C)

Yojanas per

cos ¢ = Latitude Place of

Astronomer yojanas degree Yat¢ Y x360/C (4°) choice/native
Eratosthenes 4320 12 0.86 31.00 Alexandria
5040 14 1.00 0.00 Equator
Aryabhata 3299 9 0.98 10.85 Ponnani
4948 13.5 0.98 10.82 Ponnani
Brahmagupta 5000 13 0.94 20.61 Bhilmala
Bhaskara-II 4967 13 0.94 19.57 Bid.
3927 10 0.92 23.55 Ujjayint
Vatesvara 3311.24 8.5 0.92 22.50 Ujjayint
Varahamihira 3200 8 0.90 25.84 Kusumapura
Manijula 3600 8 (3240) 0.9 25.84 Prakasa
4800 12 (4320) 0.9 25.84 25°36'N

Note: (i) Eratosthenes gave the value of 5040 for equator and used 4320 at his place so
that 12 yojanas or 12 x 50 = 600 stadia separated a degree of longitude at his place Al-
exandria 31°00'N. (ii) Aryabhata gave equatorial circumference as 3299 yojanas so that
at his place 10°51'N, 75°45'E (camravattam), the circumference had a value 9 yojanas
per degree of longitude or the total of 3240 yojanas. Similar explanations stand for other

case discussed in the table.

the choice of latitude or Palabha in an-
cient times. Ancient works in fact gave
provisions for converting yojanas north
or south of UjjayinI into the local noon
equinoctial shadow (Palabha)®®. Also the
different treatises give different yojana
measures between important locations like
Laika and Ujjayinl and between other
important cities due to the above confu-
sion®®. Yojana as applied in Indian as-
tronomy derived its magnitude from the
local latitude and the purpose was to en-
able the Desanthara correction as done in
modern times with terrestrial longitudes.
Odd numbers chosen by astronomers like
Aryabhata (3299), Bhaskara-11 (4967)
and Vatesvara (3311.24) have the under-
lying rationale of a specific latitude. It
has also been explained above that the
legendary measurement of Eratosthenes
itself was based on the unit stadium de-
fined in terms of the equivalence of 700
stadia = 1 degree of terrestrial longitude
at the equator and 600 stadia =1 degree
of terrestrial longitude at Alexandria
(31°N).

Fixing the local meridian as
meridian of Ujjayini

Equatorial circumference as convenient
integer yojanas at the local place yielded
the latitude of Aryabhata as 10°51'N. The
question however remains as to how the
astronomer may have identified his location
as falling on the Lanka—UjjayinT meridian?
Indian astronomy had been using a day
count (ahargana) since the beginning of
Kaliyuga on 00:00 Ujjayint Local Time
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or 06:00 on 18 February 3102 BC. The
midnight system of day counting (proba-
bly an adaptation of the sunset epoch of
Alexandrian astronomers to suit UjjayinI
meridian) as seen in Siryasiddhanta gave
the epoch of Siddhantic astronomy as Kali
year 3600 elapsed equal to 1,314,931.5 days,
i.e. mean noon at Lanka (0°N, 75°45'E)
of 21 March 499 AD. Epochal positions
as such had to be checked against the
UjjayinT meridian and the day count after
the epoch, viz. the Kalikhandam involved
counting since local noon when the gno-
mon shadow was the shortest. Any dif-
ference in the time of stellar conjunctions
of the moon observed for the local place
while using day count from the local
noon, gave the astronomer the east-west
distance of the local meridian from the
Lanka—-UjjayinT meridian.

Another way of assessing the distance
from the Lanka-Ujjayinl meridian would
have been by observing the beginning and
end of a lunar eclipse. Kalikhandam based
on the local noon would have given the
correct times only if the local noon was
coincident with the Ujjayinl noon. It is
therefore apparent that the Siddhantic as-
tronomy had an in-built absolute time by
defining the epoch at 1,314,931.5 days.
Noon of UjjayinI was at hand in terms of
epochal positions and noon at other places
could be found from the shortest gnomon
shadow. Thus the difference between meri-
dians was understood by Aryabhata. Sub-
sequent day count as Kalikhandam from
local noon for computing the moon’s
conjunction with the ecliptic stars like
Regulus gave the astronomers an estimate
of their place from the Prime Meridian.

According to the Kerala tradition, Kali
3623 or AD 522 is the epoch of Aryab-
hatiya. It is possible that the treatise was
given shape with solar eclipse observa-
tions like 15 February 519 AD (total at
10°51'N) and 11 August 519 (annular total
at 2° south of Aryabhata’s place) and total
lunar eclipse of 23 March 517 AD, 15
September 517 AD, etc. which were ob-
servable at his native place with remark-
able features. More studies on these
observations as forming the basis of Arya-
bhatlya are being undertaken.

Conclusion

Two distinct schools of astronomy are
apparent in the history of Indian astron-
omy since AD 499 in terms of intellectual
conflicts that arose due to historical and
geographical reasons. The first may be
identified as originating out of Aryab-
hatiyam, which flourished only in South
India in later times and the second having
pre-Aryabhata roots nurtured by Vara-
hamihira, Brahmagupta, etc. and getting
identified in terms of Saryasiddhanta in
later times. A closer look reveals these as
the conflict of the latitude of UjjayinI
and conflict of the circumference of the
earth. Except for the improvization of as-
tronomical computations that we see in
Brahmagupta, Aryabhata appears more
scientific and unorthodox in his precepts
as may be exemplified his statements on
earth’s rotation and also in giving the
latitude of Ujjayinl with equinoctial sha-
dow of 5 as 22°30’N. Analysis of these
conflicts has led us to the following con-
clusions.

1. Measures of the earth’s circumfer-
ence were chosen by early astronomers
based on integer units of distances
corresponding to 1/6 of a nadika or 1°
of terrestrial longitude in modern terms.
An algorithm was devised to derive
the latitudes that gave rise to various
measures of the earth’s circumference
in the history of astronomy.

2. The native places of various Indian
astronomers have been identified and
supporting discussions have been
provided. The fact that the method
conceived and explained the circum-
ference values of Eratosthenes and
Ptolemy and enabled the derivation
of their latitude attests the truth of the
ancient practice and the method out-
lined.
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The method provides a rationale for
the odd numbers chosen by various
astronomers as the circumference of
earth. In the context of Indian astron-
omy, the discussion enables us to un-
derstand the different magnitudes that
have become available for a yojana.
Verse 11 of Golapada of Aryabhativa,
where Meru, the abode of the Gods,
at the pole 90°N is described as having
a circumference of just about 1 yojana,
renders textual evidence for the rationale
employed in fixing the place.
Aryabhata undoubtedly belonged to
Kerala, as may be gleaned from the
circumference measure in Aryabhati-
yam, 10°51’'N, 75°45’E, which corre-
sponds to Ponnani, where the coastline
of Kerala cuts the Hindu prime meridian
defined in terms of the Larka-Ujja-
yinT longitude.

Bhaskara-I’s reference to the place of
Aryabhata as Aémaka may be ex-
plained on the basis of the A$maka
Jain country that surrounded the stone
monoliths of gravanabelgola at latitude
12°51'N, just 2° North of Aryabhata’s
place.

This note also identifies the latitude
of the native places of Brahmagupta
and Bhaskara-II and has explained
the use of different values of earth’s
circumference by Varahamihira, Vates-
vara, Manjula, etc.
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