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I try to convey some of the variety and excitement in
volved in the application of mathematics to engineering 
problems; to provide a taste of some actual mathe
matical calculations that engineers do; and finally, to 
make clear the distinctions between the applied subject 
of engineering and its purer parents, which include 
mathematics and the physical sciences. Two main points 
of this article are that in engineering it is approxima
tion, and not truth, that reigns; and that an engineer 
carries a burden of responsibility that mathematicians 
and scientists are spared. 

What is engineering? 

ENGINEERS have done a poor job of defining who they 
are, at least in India, 

Most people are aware of the excessively many engineering 
colleges of our country, producing engineers yearly in 
lakhs for an economy needing only a fraction thereof 

However, the employed and capable engineers who design 
and build rockets, satellites, cameras and missiles for organi
zations like ISRO or DRDO are called scientists, Engineers 
who work on industrial R&D for companies like, say, Tata 
Motors (which recently changed its name from one that 
included the word 'engineering') are called managers, 
Engineers who develop brand new products and sell them 
successfully are called entrepreneurs, Engineers who program 
computers are called IT professionals, Any engineer who 
achieves something risks being called by another name! 

Yet, engineering is exciting and worthwhile, Its broad 
sweep encompasses physics, chemistry, biology, mathe
matics, economics, psychology and more, It is the name 
for activity geared towards the purposeful exploitation of 
the laws, forces and resources of nature, not merely towards 
uncovering further esoteric truths but towards a direct 
improvement of the human condition, 

In an idle moment, the reader may find it amusing to look 
on the web for a definition of engineering, I suggest a Google 
search for 'what is engineering', Here are three I found: 

1, Derived from the Latin ingenium, engineering means 
something like brilliant idea, flash of genius, The word 
was created in the 16th century and originally described 
a profession that we would probably call an artistic 
inventor, 

2, A general term which refers to the systematic analysis 
and development of measurable physical data, using 
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applied mathematical, scientific, and technical princi
ples, to yield tangible end products which can be made, 
produced, and constructed. 

3. The use of scientific knowledge and trial-and-error to 
design systems. 

Of these the first is, irrationally, gratifying (as if the Latin 
source makes all engineers ingenious). The second is rea
sonable but wordy. The third points to the tremendous 
role of trial and error in design; the multitude of ideas that 
are tested, with most subsequently rejected; and the syste
matic use of ideas from proven, successful, designs. I 
mention this here because the rest of this article is focused 
on the 'use of scientific knowledge'. 

And science, and mathematics? 

The physical sciences are concerned with the truths of nature, 
and the laws that govern the world. Mathematics is a 
beautiful subject that, though inspired by the study of the 
world, does not depend on it: it can exist by and grow 
within itself These subjects are pure. Engineering, in contrast, 
is not pure. 

What thickness of reinforced concrete is sufficient for 
the roof of a 3 m wide tunnel through a mountain? What 
is a safe wall thickness for a lead container of given diameter 
used to carry radioactive waste so that it can, say, sustain 
a drop from a given height? How many tons of aircondi
tioning are needed to maintain a temperature of 200 e in 
an office of 200 square meters floor area, 42 people, 35 
personal computers, 26 windows and 6 doors, if situated 
in (say) Hyderabad? How much rocket fuel is needed to 
transport one kilogram of gold to the moon? 

These are technological questions, as opposed to scientific 
or mathematical questions. They are faced by engineers, 
as opposed to scientists and mathematicians. They neither 
seek fundamental truth about nature, nor require some 
pure standard of intellectual rigour in their answers. They also 
supply incomplete information and leave room for the en
gineer to make simplifying assumptions, develop models, 
carry out calculations, draw on prior experience, and use 
safety factors where applicable, to obtain reasonable answers 
with reasonable effort. And there is a human price to be 
paid for a wrong answer, be it the loss of life, health, comfort 
or gold. 

The process of training an engineer to answer such ques
tions requires a study of engineering models and the mathe
matical techniques used to analyse them. Those models, 
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though approximate, require correspondence with reality 
in their conception, and precision in their description. 
And those mathematical techniques, like all mathematical 
techniques, require practice, sophistication and rigour. In 
this way, the technological world of an engineer builds up 
from the purer disciplines of mathematics and the scien
ces, but is not contained in them. 

Engineering mathematics: everywhere, everyday 

From stress analysis of machine components (using finite 
element packages), to numerical descriptions of the artist
drawn shapes of new gadgets (using CAD packages), to 
the use of numbers associated with the mundane jobs of 
production, inspection, and statistical quality assurance 
(using statistical packages), to the economically critical 
planning problem of what material to buy in what amount 
from where (using optimization packages), and so on, applied 
mathematics is everywhere in the everyday world of soft
ware applications in routine engineering. 

From calculations of heat and mass flow in steam power 
plants and car radiators, to calculations of air flow in 
cooling fans, to calculations of molten metal flowing and 
mixing in weld pools, applied mathematics turns the wheels 
of engineering analysis and design. 

From reliability in electrical power system grids to traf
fic in networks (both tar roads and optical fibres), mathemat
ics crosses boundaries in a way no other technical subject 
can. 

The applications mentioned above are the subjects of 
many books. Yet, they collectively fail to convey the excite
ment that engineering applications of mathematics can 
have. There is more to the story than a list of applications. 

The workhorses of computational analyses 

Any serious discussion of mathematics in modem engi
neering must involve the role of computers. Computers 
are good at moving numbers around and doing arithmetic 
with them; and they excel at doing these things with large 
arrays of numbers. Coincidentally or consequently, almost 
all big mathematical problems in engineering are somehow 
reduced to manipulation of, and arithmetic with, large arrays. 
In the engineering mathematics context, these arrays are 
called matrices. 

The rest of this section concentrates on matrix calculations. 
For the nonmathematical reader, let me say this section 
discusses the three important problems of matrix-based 
calculations. These are called the linear homogeneous 
system, the standard linear system, and the linear eigen
value problem. Of these three, the first one is important 
mostly in understanding the other two problems. The second 
is central: a large number of applied problems with apparently 
nothing in common are considered solved when reduced 
to the standard linear system. The third is independent, 
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and almost as important: it is crucial in understanding vibra
tions, stability, and more generally sets of solutions that 
are peculiarly special for the system under study. For a con
crete example, consider an engineer designing a bridge: 
the linear homogeneous system plays a role in deciding 
whether the bridge can bear loads at all; the standard linear 
system is used to calculate the deformation or deflection 
in the bridge when carrying, say, a bus; and the linear ei
genvalue problem summarizes vibrations of the bridge. 

What follows in this section is somewhat technical. 
Nontechnical readers may skim or skip as needed. 

Three problems 

There is much applied work that can be fruitfully done 
through an understanding of the following three equations 
(see note 1). 

Ax= 0, 

Ax= b, 

Ax = Ax. 

(1 ) 

(2) 

(3) 

In the above, A is a matrix, x and b are column matrices, 
and A is a number (possibly complex). Of these, x and A 
are usually unknown, and have to be found when the others 
are given. No serious computational work in the traditio
nal areas of engineering involving the physical sciences is 
possible without a good understanding of at least one of 
these equations. In many advanced problems, one has to 
use a sequence of steps, each of which has something to do 
with one of these three equations. 

The linear homogeneous system (1) 

The equation Ax = 0, with A an m x n matrix (m rows, n 
columns), is usually associated with the question of 
whether x can be nontrivial (nonzero). If n :0:; m, then the 
existence of nonzero x implies that the columns of A are 
not linearly independent, and A is said to be rank defi
cient: in particular, if n = m, then A is singular. 

Equation (1) is relevant to eqs (2) and (3) above. If Ax = ° 
has nonzero solutions, then eq. (2) does not have unique 
solutions (note 2). Also, in eq. (3), we write (A - AJ)x = ° to 
obtain eq. (1) (here I is the identity matrix). 

Equation (1) is needed for understanding when a system 
is controllable and when it is observable (there are formal 
definitions of these terms I). In these applications, the relevant 
coefficient matrices A should be of full rank, i.e. there 
should exist no nontrivial solutions for x. 

With numerical roundoff or measurement error 

As suggested above, an important property of a matrix is 
its rank, which equals the number of linearly independent 
columns it has. For example, if 
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-1 0] o 2, 

4 4 

then its rank is 2 (because the third column is the sum of 
the first two, and so linearly dependent on them). 

In numerical work with large matrices that are nearly 
rank-deficient, the border between invertible and rank-defi
cient matrices becomes blurred. An important tool here is 
the singular value decomposition (SVD), which is a char
acterization of a matrix in terms of some non-negative 
numbers called its singular values, and some vector direc
tions called its singular vectors. The number of strictly 
positive singular values equals the rank ofthe matrix2

.3. 

For a numerical example, consider 

-1 0.02. 
o 1.98. 

4 4.01 

In exact arithmetic, the rank of A is 3. However, the third 
column is clearly almost equal to the sum of the first two 
columns. So the rank is somehow close to 2 (a hazy notion). 
More concretely, the singular values of A are (from Mat
lab) {5.8962; 2.6898; 0.0164}. The third singular value is 
much smaller than the second. 

Suppose that, in an experiment, an engineer is trying to 
characterize the vibrations of a platform (see Figure 1). 
She has placed several accelerometers on the platform, 
and measured their output while some machinery on it was 
running. She may now ask, is the platform effectively 
rigid? If not, how many independent types of vibrational 
motions does it have? These questions, which represent 
noise-polluted versions of the linear homogeneous system, 
can be tackled using the SVD. 

The standard linear system (2) 

The equation Ax = b is the backbone of engineering calcula
tions. Ax = 0 impinges on it largely to the extent of under
standing or eliminating nonuniqueness of solutions. 

The commonest situation involves A square and invertible, 
in which case there is a unique and exact solution which 

accelerom~e:t:.;;e~rs~::::::::=-_ _ ::--

rigid ground 

Figure 1. A vibrating platform. 
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can be found using accurate algorithms that are guaranteed 
to work. Much ingenuity in engineering has been expended 
in casting important problems into this form (and, for large 
systems, storing the matrices and solving the equations 
iteratively). 

The somewhat less common but also important case 
where A is m x n with n < m is called an overdetermined 
system. It is not solvable exactly unless b satisfies special 
conditions, but can be solved approximately in a least 
squares sense by solving the normal equations 

where the T-superscript denotes transpose and AT A is 
n x n, i.e. square. In applications, sometimes A is deliber
ately made overdetermined in order to get a better overall 
fit for some inexact model, and the resulting equations 
are solved in a least squares sense as above. In numerical 
work with roundoff errors, there are nominally equivalent 
methods that in fact keep accumulating roundoff errors 
under tighter controe. 

Let us briefly consider an overdetermined system. 
Consider two numbers p and q. We are told: 

1. the sum of the numbers is 6, 
2. the second number is twice the first one, and 
3. the second number is 3 more than the first one. 

The first two conditions above imply p = 2, q = 4 (provi
ded we ignore the third condition). Similarly, the second 
and third conditions (ignoring the first) inconsistently 
imply p = 3, q = 6. And the first and third condition imply 
p = 3/2, q = 9/2. There is no choice of p and q that satisfies 
all three conditions. Any two of these conditions uniquely 
determine p and q; and the extra inconsistent condition 
makes the system overdetermined. To connect with the 
matrix algebra, we can write the three conditions as 

p + q = 6; q = 2p, and q = p + 3, 

which in matrix notation is 

Since the above matrix equation has no solution (being 
overdetermined), we might use the normal equations 

whose solution is p = 1.93, q = 4.29. The reader may 
check for approximate satisfaction of all three conditions. 
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We now drop overdetermined systems and focus on 
square A. 

A boundary value problem 

Boundary value problems are very common in engineering. 
They involve differential equations along with boundary 
conditions. The simplest ones involve second order ordinary 
differential equations with two boundary points. Here is 
one such: 

X E (0,1) yeO) = y(l) = 0. (4) 

A simple way to solve this problem computationally is to 
choose a large positive integer N, and then use a uniform 
mesh of points Xk = kh, with k = 0, 1, 2, ... , Nand h = liN. 
Let Yk = Y(Xk). 

Then we simply write the following equations, where 
the derivative is approximated using sums and differences 
so that we eventually get the standard linear system: 

Yo = ° from boundary conditions, (5) 

Yk+l - 2Yk + Yk-l 1"' k 1 2 N 1 
2 + xkYk = lor = , , ... , -, 

h 
(6) 

YN = ° from boundary conditions. (7) 

In the above equations, all quantities except the y's are 
known; and so they can be assembled to form eq. (2). This 
finite difference method can be extended to complex pro
blems in 2 and 3 dimensions. It is conceptually simple but 
in higher dimensional problems requires care near tilted 
and/or curved boundaries. 

An altemative solution technique is to assume an approxi
mate solution of the form 

N N 

Y "" La;<!l;(x) = (say) La; sin i1t x. 
;=1 ;=1 

Here, as indicated above, the <jl's are shape functions we 
choose in advance; and the a's are unknown coefficients 
that we will find. The specific choice of sines for the <jl's 
in this case respects the boundary conditions (this is impor
tant). We then proceed by substituting the approximation 
into 

to obtain what is called a residual, say rex; ai, a2, ... , aN). 
The next step is called a Galerkin projection or the 
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method of weighted residuals4
, and involves multiplying 

by each of the shape functions, integrating over the do
main, and setting the result to zero, i.e. 

1 

fr(x;a1,a2, ... ,aN)sink1txdx=0, fork= 1,2, ... ,N. 
o 

This again results in a system of the form of eq. (2). (These 
calculations can be conveniently done using symbolic algebra 
packages like Maple or Mathematica.) 

Some numerical results for both the above methods are 
given in Figure 2, for N= 6 and N= 10. Both methods 
perform well. The finite difference results are interpola
ted using broken lines for better visibility alone; only the 
nodal values (at the comers) are to be used for comparison. 

The method of weighted residuals can also be used with 
shape functions <jl that are zero everywhere except inside 
some small regions; this leads to the powerful and versatile 
finite element method, well suited for complex geometries, 
but too specialized for this article. 

Signs of trouble 

Let us now consider the similar looking boundary value 
problem 

d2 y 
-2-+19xy = 1, 
dx 

X E (0,1) yeO) = y(l) = 0. (8) 

Numerically solving this using the finite difference method 
as described above, we obtain the results shown in Figure 
3. Now the solution converges sluggishly, and fairly large 
N is needed before a reliable solution is obtained. Why? 
A partial answer lies in the singular values of the coeffi
cient matrix A for each N. These values are plotted for 

-0.04 

-0.06 

-0.08 

-0,1 

-0.12 

~ Galerkin, N=6 
GaJerkin, N=10 

-+- finite difference, N=1 0 
-4- finrte difference, N=6 

-0.14 ' o 0.1 0. 2 0.3 0.4 0.5 0 .6 0] 0.8 0.9 

X 

Figure 2. Solution of eq. (4). 
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N = 80, 160 and 320 in Figure 4. In each case, it is seen 
that the smallest few singular values drop off rapidly in 
magnitude, with the smallest one in each case being much 
smaller than the second smallest. Although the smallest 
singular value is nonzero for each N, and therefore A is 
invertible, the numerical shadow of singular A in eq. (1) 
has fallen on the calculation! We now proceed to eq. (3). 

The linear eigenvalue problem (3) 

In studying uniqueness of solutions for equations like eq. 
(8), we seek nonzero solutions of 

XE (0,1) yeO) = y(1) = 0. 

Here, 11 is a parameter that is as yet unknown. 

601 i 

l lf :~: 
SO l , ~ ~~!~ 
40 r 

3J 

~ "f 
lO r ~~ 

I -~ 
, ~~ ~--~.~----~~~----~. 

0.1 0.2 0.3 0.4 0.5 DB 0.7 0.8 0.9 

X 

Figure 3. Solution of eq. (8). 

Figure 4. Singular values of A from eq. (8) for different N. 
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The finite difference equations can now be written in 
the form 

Ay = llBy 

which can in tum be rearranged to 

A-IBy = ~ y = (saY)AY, 
11 

which matches eq. (3). The numerically obtained values 
of A (from Matlab) for the case of N = 10 are 

0,0, 4.l9E - 4, 9.l7E - 4, 1.42E - 3, 1.92E - 3, 

2.50E - 3, 3.52E - 3, 5.83E - 3, 1.27E - 2, and 5.33E - 2, 

where 'E - 4' denotes 'xlO-4
, and so on. The estimate of 

11 corresponding to 1/(5.33 x 10-2
) = 18.8, which should 

be compared with the coefficient in eq. (8). The actual eigen
value of eq. (9) is even closer to 19, as may be found using 
larger N. 

Eigenvalue problems arise in many places: in linear vibra
tions, buckling problems, systems of linear differential 
equations, and stability calculations in a variety of situa
tions, to name a few. 

In discussion of the above three equations (1-3) I have 
not touched upon the many strategies needed and develo
ped to tackle very large and/or sparse systems, as well as 
systems with special properties such as A being symmetric 
and positive definite; these topics, too specialized for this 
article, are important in applications. 

More mathematics 

There is more to mathematics in engineering than the matrix 
calculations of mentioned in the previous section. For 
flavour, I will discuss two topics: one computational or 
numerical, and the other analytical or symbolic. 

Nonlinearity 

Nonlinearity is everywhere. Yet much of undergraduate 
engineering education in India concentrates exclusively 
on linear problems. The problems discussed in the previous 
section were all linear as well. 

We now consider a nonlinear problem, and carry out 
some calculations. The trivial example discussed below 
hardly matches the many difficult nonlinear problems that 
engineers, scientists and mathematicians solve, but high
lights some key points: local approximation by a simpler 
problem, small steps, and iteration or sequential refinement. 

Consider 

Ax + (xTx)Bx = b, 
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where A and Bare n x n matrices, b is n x 1, and the unknown 
x is n x 1 as well. The above problem is clearly a depar
ture from eq. (2), and is chosen for ease of presentation: 
it represents no particular physical application. 

One way to solve this problem is iterative, using Newton's 
method. Say at some stage our estimate of the solution is 
Xk; our next and improved estimate Xk+l = Xk + Lix (say), 
should ideally satisfy the original equation 

Simplifying matters by ignoring terms proportional to 
IiLixl12 and smaller, we obtain 

Xk+l = Xk - (A + 2BxkXr + XrxkBrl {(A + XrxkB)Xk - b}. 
(10) 

The above iterative procedure can be begun with an initial 
guess Xo; and if Xo is sufficiently close to the correct solution, 
then the iteration will converge (under some technical 
conditions which usually hold). 

As a particular example, taking 

and starting with 

Xo = {l, O}T, 

we find the solution converges rapidly to 

x = {0.1502, 0.3623}T. 

In general and large nonlinear problems, there may be 
multiple or no solutions; many guesses for Xo may fail to 
produce convergence; and there may be severe difficulties 
with estimating or even repeatedly using the appropriate 
linearized update scheme. However, methods based on 
linearization (exact or approximate) and the above itera
tive scheme (possibly with simplifYing approximations) 
are powerful and widely used. 

Sometimes a good guess for Xo might be so hard to find 
that we are reduced to using continuation methods. These 
involve solving a simpler problem; using its solution as 
the initial guess for a slightly changed problem; and using 
its solution for a further changed problem; and so on, until 
the simpler problem is changed completely to the original 
problem. These and other tricks, many of them tailored to suit 
specific applications, are an important part of the overall 
attack on nonlinear problems. 

Asymptotic approximations 

Asymptotic approximations or perturbation approximations 
(see, e.g. refs 5, 6) can be useful for certain engineering 
problems. I will give an example of such approximations, 
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both to display them in their own right as well as enable 
comparison with some non-asymptotic approximations 
that follow. 

Consider the equation 

where 0 < <:,; 1 is small and known, and we seek x. The 
smallness of £ allows approximations. Noting that for 
£ = 0 there is the solution x = 1, we can pose a series of the 
form 

= 

x=l+ ['ak£k. 

k=l 

By a routine procedure involving collecting and equating 
terms, we obtain 

1 9 2 7 3 1615 4 
x=l--£+-£ --£ +--£ + .... 

2 8 2 128 

If we fix the number of terms up to those shown and take 
£ smaller and smaller, the error will eventually be propor
tional to £5. For the particular value £ = 0.05, the actual 
root is 0.977441 while the asymptotic approximation 
agrees well, at 0.977454. This sort of perturbation expansion 
is called regular, as opposed to singular (more interesting 
for specialists). 

Asymptotic techniques have an uncomfortable place in 
modem, computer-empowered engineering. Yet, many 
good engineers, even ones not mathematically inclined in the 
usual sense, think in a way that keeps track of the relative 
orders of magnitude of physical features and effects, using 
these in an intuitive way that loosely resembles asympto
tic approximation. 

Clever insights 

Clever insights abound in any mature subject where com
plex phenomena are viewed in simplified forms for better 
understanding (i.e. where truth is traded for understand
ing). These insights help us to both construct approximate 
solutions to seemingly difficult problems, as well as to 
suitably interpret numerical results from, say, a finite ele
ment code, and sometimes even to simply find a useful 
approximate solution to a mathematical problem which 
might otherwise be tedious. I will present here an example 
of each. These examples are drawn from within mechanical 
engineering due to my own limitations. They are, unavoid
ably, somewhat technical; however, at least the third example 
is free from equations. 

Impact between elastic spheres 

The first example involves the low velocity impact of two 
elastic spheres, for which the Hertzian theory of contact 
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was developed (see ref. 7; and references therein). The 
Hertzian contact analysis shows how a seemingly formi
dable problem can, by clever insights, be brought into a 
tractable yet meaningful form. In contrast, rigorous mathe
matical treatment of this problem raises many difficult issues. 

Hertz's approach proceeds by noting that the size of the 
contact region is small compared to the size of the sphere; 
and that the impact occurs over a time that is long com
pared to the time period of vibrations in the sphere. Thus, 
impact proceeds as if contact between two point masses is 
mediated by a nonlinear spring. The behaviour of this nonlin
ear spring is given by 

F = C83/2
, (11) 

where F is the force, 8 is the compression, and C is a 
known constant depending on sphere material and size. 

For those not interested in the finer details of Hertzian 
contact, here is an alternative and simple way to determine 
(or at least understand) eq. (11). In Figure 5, an elastic 
sphere of radius R is pressed into a rigid surface by an 
amount 8 (the undeformed sphere is drawn, to emphasize 
the amount of compression). The resulting contact patch has a 
radius of approximately r which satisfies, for small 8, 

r = .J2R8. 

Now, assume that deformations are localized in a cyl
inder of diameter and height both equal to 2r. The area is 
rrr2; and the strain is 8/(2r). F is E times strain times area, 

which is off from the correct C of eq. (11) by less than a 
factor of2. 

Heated strip on a rigid substrate 

Here is another example of nice insight into an engineering 
problem. Consider the system in Figure 6 (top). The figure 
shows the cross section of a rectangular strip perfectly 
bonded to a rigid substrate. The strip is heated, so that it 
tends to expand but is restrained by the non-expanding 
substrate. We are interested in the interface forces and 
stresses generated. This idealized problem is also relevant 

Figure 5. Contact between an elastic sphere and a rigid surface. 
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to piezoelectric actuators used to control vibrations in 
structures. 

Those acquainted with the theory of elasticity will anti
cipate stress singularities near the edges of the bond. An 
approximate analysis based on simplifying insights can 
proceed as follows. 

Since the substrate is rigid, the width of the strip is basi
cally unchanged. The thickness of the strip is not impor
tant. For the strip to retain its lateral dimensions while 
staying flat, the net force from the substrate should be as 
sketched in the figure (middle), for some compressive 
force (per unit length in the direction into the page) that 
exactly counteracts the tendency to expand due to heating. 
Since the problem is actually three dimensional, there are 
similar forces at all the edges of the strip. 

Taking the material's Young's modulus to be E, Poisson's 
ratio to be v, coefficient of thermal expansion to be a, the 
change in temperature to be !1T, and the thickness of the 
strip to be h, we are led to conclude that 

F = aEh !1T. 
I-v 

We note, next, that the force F at the midplane of the strip 
(see figure (middle)), actually comes from the interface. 
The correct interface forces must therefore be the equivalent 
system shown in the figure (bottom), with 

M=Eh. 
2 

For finer details, finer analysis is needed. With the above 
insight, from FEM simulations, we expect strong stress 
concentrations near the edges of the strip. 

Testing a sprung bicycle 

This example involves bicycles. For rider comfort, some 
bicycles frames are designed to flex. For example, two 

elastic stri 

rigid substrate 

F F 

M M 

F--~--------------~~F 

Figure 6. Heated strip on a rigid substrate. 

411 



SPECIAL SECTION: MATHEMATICS 

rigid parts of the frame might be connected at a pivot, 
along with a spring to resist relative rotation there. Such a 
sprung bicycle is sketched in Figure 7. The pivot is at P. 

A potential buyer may wish to check two design criteria. 
When the bicycle goes over a bump, the frame should 
flex. Yet, when the rider pedals hard, the frame should 
not flex (the rider's power should go into acceleration, 
not deforming the spring even while on a smooth road). A 
quick and approximate evaluation of the second aspect 
might proceed as follows. 

Consider an accelerating bicycle. The rider exerts forces to 
cause this acceleration. Assuming the rider is signifi
cantly heavier than the bicycle, and using D'Alembert's 
principle4 (see note 3), we need merely consider a static 
problem provided there is the correct horizontal back
wards force acting approximately at the rider's center of 
mass. The rider ties a rope from his waist to a pillar and 
then, with rope taut, pushes on the pedal exactly as if acceler
ating hard. If the frame does not flex, the second criterion 
above is met and the design is good. Needless to say, a full 
analysis ofthe bicycle requires much additional work. 

Modelling and approximation 

I once read on some engineer's door the following jocular 
lines: 

Engineers think theory approximates reality. 
Physicists think reality approximates theory. 
Mathematicians never make the connection. 

Mathematicians can, and often do, work in a world that 
needs no contact with any physical reality. Physicists speak 
ardently about the fundamental and universal truths of nature. 
But in engineering, there is no special place for absolute 
truth. The flat-earth theory works if you want to build a 
bridge, and the point-mass-earth theory is good if you 
want to calculate the trajectory of the moon. 

I am a mechanical engineer, and enjoy the subject of 
vibrations. So I will use vibrations to discuss a key idea. 
To that end, here is a crash course on vibration theory. 

Figure 7. A sprung bicycle. 
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Mechanical vibrations 

See Figure 8 a. A block slides on a frictionless surface. It 
is restrained by a spring. If disturbed from its equilibrium, the 
block oscillates or vibrates, to and fro. It is intuitively 
clear that stiffening the spring will make the block oscillate 
faster (with a higher frequency, or smaller time period), 
while increasing the mass of the block will make it oscillate 
slower (lower frequency, larger time period). Now con
sider Figure 8 b, where two such blocks are held in place 
by three springs. A multitude of apparently complex motions 
are possible for this system, but there are two special motions, 
corresponding to normal modes of vibration. In one of 
these, the two blocks vibrate in synchrony (in phase), and 
the spring in the middle plays no role: the system in this 
mode is merely two copies of the first system. In the second 
mode, the blocks vibrate exactly in opposition (out of 
phase), which really is another face of synchrony. These 
two normal modes are indicated schematically in Figure 
8 c and d. The frequency of vibration in the first mode is 
lower than that in the second mode, where the middle 
spring gets called into playas well. 

These ideas are broadly applicable. If the two masses 
or the springs are not identical then there are still two 
normal modes, only they are not so easy to sketch from 
intuition and must be found through equations (some of 
that comes in the next subsection). If there are more 
blocks (i.e. more masses), then there are more normal 
modes. One mode per block. If we consider longitudinal 
vibrations of a rod, where mass and stiffness are merged 
into a continuum of material, then there are infinitely many 
normal modes associated with as many, and steadily in
creasing, frequencies; of these, in engineering, only the 
first several (2, 10, 50, or more, depending on the appli
cation) may be considered important. 

a 

b 

d 

Figure 8. Vibration theory: normal modes. 
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An important idea remains: general motions are linear 
combinations of motions in the normal modes. See Figure 
9. Let the first graph represent the displacement of the 
first mass in Figure 8 c, plotted against time. And let the 
second graph, showing more direction reversals within 
the same time (hence, higher frequency), represent the dis
placement of the first mass in Figure 8 d. A general motion is 
the sum of two such motions, each of arbitrary amplitude 
or size, as sketched in the third graph of Figure 9. From 
this third graph, it is not immediately obvious that there 
are motions at two frequencies simply added up; that insight 
comes from mathematical abstraction, though it soon be
comes part of the physical world of every vibration engineer. 

Much remains: energy dissipation through friction, effects 
of forcing, resonance, nonlinearity, design issues, and 
practical troubleshooting. But the heart of vibration theory 
lies in its first step: linear combinations of normal modes. 

Modelling 

Now, some actual calculations. Consider the system sketched 
in Figure 10. A steel rod of diameter d = 0.01 m, length 
L = 1 m, density p = 7800 kg/m3

, and Young's modulus 
(material stiffness) E = 210 GPa is built into a strong wall 
at one end and has a steel ball of diameter D = 0.1 m at 
the other. What are the time periods for the normal modes 
of lateral (sideways) vibrations in this system? 

The first normal mode (and hence its time period) can be 
approximated by ignoring the mass of the rod, and treating 
the sphere as a point mass. In this engineering approximation, 
the rod simply acts as a spring. By a routine calculation, 
we obtain the time period as 

t\ f\f\f\f\f\f\f\f\f\(\ 
I VVV\JVV V\J'VV 

r /\ _!\ f\/\ /\ /\ r 

~vV~VV VV\} 

Figure 9. Vibration theory: general motions. 

1m 

Figure 10. A cantilever beam with an end mass. 
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21t 
T= g =0.7221s, 

3E1 

mL3 

where m is the mass at the end, and 1 is something called 
the second moment of area of the cross section (for details, 
see ref. 8). 

We might approximately incorporate the beam's mass 
by adding an effective inertia to the point mass at the end. 
The mass mr of the rod is (ignoring the overlap between 
the rod and the sphere) 

d2 

mr =1t -Lp = 0.6126 kg. 
4 

Not all of this mass moves equally: it is only near its right 
end that the rod moves as much as the sphere; so (skipping a 
more complex calculation) we might add on about m/3, 
giving 

T= 0.7221 ~l+ mr s = 0.7399 s. 
3m 

A more careful, and presumably accurate, answer can be 
found by treating the rod as a cantilevered Euler-Bemoulli 
beams with a point mass at the end. Then the governing 
PDE is 

mr 
E1uxxxx + - Utt = 0, 

L 

with boundary conditions 

u(O, t) = 0; uxCO, t) = 0 (cantilever end) 

along with 

uxx(L, t) = 0 (zero end moment); 

and 

E1uxxxCL, t) = mutt(L, t) (force from end mass). 

Now we are no longer restricted to the first normal mode, 
and can seek 'all' of them (within the approximations of 
this model, that is). The solution for the above, straight
forward though tedious, is omitted here. The net result for 
the first time period is 

T= 0.7347 s, 

a reasonable match with foregoing estimates. 
More accurate estimates might be obtained using labo

rious calculations that incorporate the rotary inertia of the 
sphere, and then shear deformations and rotary inertia in 
the beam itself; and, eventually running out of simple theo
ries, using the finite element method. 

Approximation 

The above sequence of increasingly accurate models notwith
standing, errors in understanding of boundary conditions, 
specification of geometry, measurement of material con-
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stants and incorporation of effects like damping will always 
limit the numerical accuracy to which the time period can 
be found. And models of more complex systems with, 
e.g. plasticity, fracture, frictional contact and impact will 
be less accurate still. 

In engineering there is no absolute truth, no perfect 
model, and no grand unified theory. Ever finer FE meshes 
do not take us ever closer to something infinitely pure 
and true. But there is no grief in this. The world is infinite 
and our minds are limited. Truth and understanding are in 
conflict: a little truth lost is the price for a little under
standing gained. 

The burden of truth 

Statements of results in technical subjects must bear what 
may be called their subject's burden of truth. 

In mathematics, truth is nothing less than absolute proof. 
This can be very hard. However, the leeway allowed to 
mathematicians is that difficult problems can be attacked, 
by any and all, over a long period of time9 for the story of 
a 350-year problem). In the interim, offshoots that lead to 
other truths, as well as partial results, are all acceptable con
tributions to the steady march of knowledge. 

In physics, truth has a high place as well. But here, it is 
interpreted as consistency with every known relevant ex
periment of the past, pending possible invalidation by just 
one experiment, as yet unforeseen, that throws up an inconsis
tency. The more determined, exhaustive, and dramatic the 
search for that invalidating experiment is, the more satisfYing 
and reassuring is the failure to find it. Limitations of 
time, space or money do not impinge on this philosophy. 

In comparison, the engineer's burden of truth may seem 
lighter. The ceiling of that tunnel through the mountain 
should just remain intact as a million cars pass under; that 
radioactive material should just safely reach its resting 
place at the bottom of the sea; that office in Hyderabad 
should just remain comfortable even on crowded days in 
the middle of summer; and that gold should just reach its 
intended place on the moon. Once the design succeeds, 
and the system functions as needed, the burden of truth is 
met. The issue is not reopened (nor design fee refunded) 
when someone else does it better, faster or cheaper. The 
unique charm of mathematics in engineering lies in the 
many levels and forms in which it is invoked, revoked, 
used, abused, developed, implemented, interpreted and 
ultimately put back in the box of tools, before the final 
engineering decision, made within the allotted resources 
oftime, space and money, is given to the end user. 

Mathematicians are not blamed for failing to prove 
theorems. And physicists are not blamed for failing to dis
prove theories. In their subjects, truth has divine status; 
and its burden is borne by the gods themselves. But the 
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engineer's burden of truth, though lighter in comparison, 
rests on human shoulders. 

So, pause for a moment to consider this tidbit I read 
somewhere: in ancient Roman times, the builder of a bridge 
stood under it when the first chariot crossed over. And 
pause, again, for these lines from the Hymn of Breaking 
Strain by Rudyard Kipling: 

The careful text-books measure 
(Let all who build beware!) 
The load, the shock, the pressure 
Material can bear. 
So, when the buckled girder 
Lets down the grinding span, 
The blame of loss, or murder, 
Is laid upon the man. 

Notes and references 

Note 1. I have left out some other important problems. One certainly 
is the standard linear program, encountered in optimization. 
Another, perhaps, is the general nonlinear first order system 
of ordinary differential equations. 

Note 2. Let Ax, ~ 0 with x, '" 0, and let AX2 ~ b. Then A(x, + X2) ~ b as 
well, showing nonuniqueness. Nonunique solutions can dis
turb, say, an engineer trying to calculate the deflection of a 
bridge under the weight of a bus. 

Note 3. Add -ma to each point mass m, where a is its acceleration; 
and then treat the system as static, not dynamic. 

1. Franklin, G. F., Powell, J. D. and Emami-Naeini, A., Feedback Con
trol of Dynamic Systems, Pearson Education, Singapore; Indian 
Branch: Delhi, 2002, 4th edn. 

2. Golub, G. H. and van Loan, C. F., Matrix Computations, Johns 
Hopkins University Press, 1989, 2nd edn. 

3. Chatterjee, A., An introduction to the proper orthogonal decomposi
tion. Curro Sci., 2000, 78, 808-817. 

4. Finlayson, B. A., The Method of Weighted Residuals and Varia
tional Principles, Academic Press, New York, 1972. 

5. Hinch, E. J., Perturbation Methods, Cambridge University Press, 
Cambridge, 1991. 

6. Bender, C. M. and Orszag, S. A., Advanced Mathematical Methods 
for Scientists and Engineers, McGraw-Hill, London, 1978. 

7. Goldsmith, W., Impact: The Theory and Physical Behaviour of Col
liding Solids, Edward Arnold, 1960. 

8. Clough, R. W. and Penzien, J., Dynamics of Structures, McGraw
Hill, London, 1975. 

9. Singh, S., Fermat's Last Theorem, 1997, Fourth Estate, Paperback 
edn,2002. 

ACKNOWLEDGEMENTS. The first section of this article was 
prompted by conversations with B. Gurumoorthy. The Hertz contact 
approximation was shown to me by J. Papadopoulos. The heated strip 
analysis is close to something H. D. Conway showed me. The bicycle 
example is from J. Papadopoulos via A. Ruina, who has also much in
fluenced the way I think about approximations in engineering. R. N. 
Goverdhan, D. Chatterjee and A. Ruina read the manuscript and helped 
me improve it. Kipling's Hymn of Breaking Strain is a good poem, but 
the rest of it is not about engineering. 

CURRENT SCIENCE, VOL. 88, NO.3, 10 FEBRUARY 2005 


