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While investigating the properties of heat
flow in 1882 the French scientist Jean
Baptiste Joseph Fourier stumbled on the
remarkably fruitful mathematical idea that
the graph of any function in a bounded
interval can be obtained as a hnear
superposition of sings and cosines. Since
cosx + 1 sinx=¢e" this led to the hypothe-
sis that any integrable function f in the
interval [0,27] can be expanded as a
Fourier series:

f=Y a, ™, (1)

where a_=a_(f) is the nth Fourier co-
efficient defined by

2

a,= 3y | fe™dx,

{}

where
n=0 +1, 2, ... (2)

An infinite series can have several inter-
pretations depending on the choice of the
notion of its convergence. The investiga-
tion of convergence properties of the

Fourier series (1) led to a vast amount

of mathematical literature including the
theory of the Lebesgue integral. The first
chapter of Helson’s little volume on Har-
moni¢ analysis provides a quick survey
of these developments including the clas-
sical kernels of Dirichlet, Fejér and Pois-
son, the general notion of an approximate
identity in a convolution algebra and a
result of the author and A. Beurling on
measures with bounded powers.

It i1s important to note that the set Z
of all integers i1s a discrete abelian (or
commutative) group under addition and
discrete topology whereas the set T of
all complex numbers of modulus umty
is a compact abelian group under multi-
plication and the relative topology inher-
ited from the complex plane. Furthermore,
the function B(n,2)=2" on Z XT has
the properties

B(m+n,z)=B(m,2) B(n, 2),
B(n,z,z,) = B(n, 2} B(n, 2,} .

The map z — B(n, z) is a continuous ho-
momorphism from T into itself for each
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n and every continucus homomorphism
of T into itself is accounted for in this
list. Similarly, the map n— " is a {(con-
tinuous) homomorphism from Z into T
and every homomorphism from £ into
T is of this kind. The Fourier series (1)
can now be expressed as

f@=) a B(nz), z=¢e"eT
ne Z (3)

after 1dentifying T with the interval
(0,27], where 0 and 2r on the line
represent the same point 1 on 7, Expressed
in this way one has the following gen-
eralization of (3): Suppose G 1s any
abelian group with the group operation
denoted by +. Then there exists a discrete
abehan group & whose operation is
viewed as multiplication and a map
B(.,.) from G x G into T such that

BQxp X) = (Bxy, x) B{Xy %)
B(x, x,+x,) = B, x,) B, x,) .

for alt X, %X, € G and x, x,x, € G. The
group G admits a unique (group) trans-
lation invartant probability measure o©
(called the Haar measure of G) and any
o-square integrable function fon G admits
a Fourier-like expansion

fx) =Y aly) By, x), (4)

1€ G

where a(y) is the Fourier coefficient of
f given by

a(y) = IG By, ®) f(do(x)  (5)

and convergence of (4) is in the mean
square sense. The classical Fourier senies
(1) is a special case of (4) when
G=T7, G=2. However, there are no ob-
vious analogues of the Dirichlet, Fejér
and Poisson kernels here owing to the
lack of order in G. © is called the dual
group of G or the group of characters
of G. Chapter 3 of this volume presents
a very readable survey of this generali-
zation which s easily accessible for our
M Sc students and college teachers who
have the required curiosity to explore the
possibilities outside their customary ex-
amination-oriented syllabi. As applica-
tions Helson provides new proofs of three
old theorems: (1) Kolmogorov’s extension
theorem for a consistent family of finite
dimensional probability measures; (2)

Banach-Steinhaus’ uniform boundedness
principle for a sequence of linear opera-
tors; (3) Minkowski’s theorem that any
convex body in R", which is symmetric
about the origin and has volume > 2",
has a lattice point other than the orgin
(the proof being due to C. L. Siegel and
based on trignometric sums).

It is to be noted that there exists a far
reaching group-theoretic generalization of
the expansion (4) when G is an arbitrary
compact (but not necessarily abelian)
group. This is known as the Peter—Weyl
theory of which a glimpse of the abstract
stde is provided in the book A Course
on Topological Groups by K. Chandrasek-
haran which has recently appeared as
Trim 9 in the same senes as the present
volume. For the practical and computa-
tional aspects of this theory my favourite
volume is Group Theory and Physics by
S. Sternberg (Cambridge University,
Paperback Edition, 1993). Thanks to the
contributions of Weyl, Wigner, Bargmann,
Harish-Chandra, Gelfand and several
other mathematicians and -  physicists,
group-theoretic harmonic analysis i a
flourishing industry today paving the way
to new developments in the context of
noncompact Lie groups as well as quan-
tum groups.

Since B(n, z) =" the expansion (3) sug-
gests a link between Fourner series and
the theory of analytic functions of a
complex variable. This leads to the notion
of the Hardy spaces H"(7), 1 <p<oo,
H'(Ty c L(T) is the subspace consisting
of functions f for which the Founer co-
efficients a_ in (2) vanish for n<0. it
B(l,2)=yx(z), ze€ T, then for any
fe LXT) denote by M, the closed linear
span of {f,xf,x....}. Then M, LXT)
is invariant under multiplication by yx. If
M, = L*(T) then fis called an outer func-
tion. 1t is a theorem of Beurling that a
subspace M < L*(T) invariant under mul-
tiplication by y belongs to one of two
types. Either it consists of all functions
in LXT) with support in a fixed meas-
urable subset of T or it is gHX7) for
some function ¢ of modulus unity. The
first kind of subspace is called a Wiener
subspace and the second, a Beurling sub-
space. Any nonnull element f of H*(T)
can be factorized as f=gg, where ¢ and
g belong 1o H*(T), g is outer and g is
of modulus unity. Elements of HY(T)
which are of unit modulus are called
inner functions. This factorization into an
inner and outer function is unique up to
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a constant factor of modulus unity, This
implies that every nonnull element of
H'(T) can be factorized as gg’, where ¢
is inner and g is outer in HXT). A
function f in H*(T) is outer if and only
if

2T

[ 1og 1£(@dx > o

From these results of Beurling it is pos-
sible to deduce the following theorem
due to G. Szegd: If w 15 a nonnegative
integrable function on T then

2r

exp 5{; _[ log w(e™) dx =
0

mf - J K1+ PEe™)I* we™) dx,

where P ranges over all polynomials. The
densely packed chapter on Hardy spaces
covers all these and much more. It may
be noted that this last theorem of Szegd
is at the heart of the theory of prediction
of discrete time one-dimensjonal station-
ary stochastic processes developed by N.
Wiener in the US and A. N. Kolmogorov
in the former USSR during the Second
World war. (A multidimensional version
of Szegd’s theorem when w is a positive
definite matrix-valued function on T with
summable entries was obtained by N.
Wiener and P. Masant when they met at
the Indian Statistical Institute in Calcutta
during 1955-56.) By exploiting the stand-
ard conformal map from the unit disk to
the upper half plane the author indicates
how a theory of Hardy spaces H(R)
could be built. (This can be used to
develop the prediction theory of one di-
mensional continuous time stationary sto-
chastic processes.)

A fairly extensive discussion of the
theory of conjugate functions in a whole
chapter is followed by a briel account
of (R and R ~) translation invariant sub-
spaces of Lz(ﬁ’i’) and L'(1R) covering the
results of Wiener, Beurling and Titch-
marsh.

Ifqn e L*(R) then its Fourier transform
tp is a tLl’l'lle'Cd distribution in /¢ and
the support of rp is called the spectral
set of . The spectral set of a bounded
bilateral sequence, 1. an
{7(Z) can be similarly defined as a sub-
set of T, An element @€ L7(R) bhas
exactly one point A in its spectral set if

clement of

and only if ¢(x)=expidx. If {a ]} is a
bilateral sequence whose terms are drawn

from a finite set of complex numbers .

then its spectral set is the whole of T
unless {a } 1s periodic. A bilateral
sequence of (s and 1’s is the Founer—
Stieltjes transform of a complex measure
on T if and only if 1t is periodic after
dropping a finite number of terms. Pretty
surprlses of this kind are strewn around
in several places in this flower garden
of harmonic analysis.

Helson concludes with a little chapter
on equidistribution theorems originating in
the work of H. Weyl. A sequence {u,},
k=1 in [0, 1] 1s said to be equidistributed
if for any interval [a, b] < [0, 1]

1

Iim — #{jluje [a, b], 1<j<n}

n—oo It

=b—a,

where # denotes cardinality. To verify
the equidistribution of a real sequence
{#,} modulo 1 it is enough to check that

: "

lim A7 Y, €% =0
H—-}_“ﬂ k=1
for every j# (. Thus equidistribution and
trigonometnc sums are closely related. It
1s a theorem of van der Corput that a
sequence {u,} is equidistributed modulo
1 if for every positive integer p the
sequence {4, —u}, k21 is equidistrib-
uted modulo 1. Equidistribution theorems
and uniquely ergodic transformations are
intimately connected as pointed out by
H. Furstenberg. Exploiting these relations
it 1s shown that for any real polynomial
P(x) with at least one term of the form
ux", where u 1s irrational and n2 1, the
sequence {P{k)}, k21 1s equidistributed
modulo 1.

With 1ts well punctuated histoncal com-
ments and instructive exercises this little
but very rich volume offers an enjoyable
guided tour of classical harmoni¢ analysis
with some scope in trimming (ts price
for the Indian market.
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New Delhi 110016, India
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- Fish Bioenergetics: Fish and Fisheries

Series 13. Malcolm Jobling. Chapman &
Hall, 2-6 Boundary Row, London
SE1 8HN, UK. 1995. ISBN: 0-412- 58090-
X. 309 pp.

The Fish and Fisheries series by Chapman
& Hall aims to present timely volumes
reviewing important aspects of fish bio-
logy. Title number 13 concerning Fish
Bioenergetics is authored by Malcolm
Jobling, who has made extensive contri-
butions to fish bioenergetics. Energetics
1s a study of energy transformation in

- living system and hence provides the

physiological frame for the study of
relationship between food intake, meta-
bolism and growth of fish subjected to
different  environmental  conditions.
Rightly, the author has chosen to make
the presentation in three major sections.
The first one describes nutritional and
dietary formulations, the second deals
with energy gains, losses and transfer
within the fish, and the third briefly
highlights the effects of selected environ-
mental factor on one or more of the
energelics parameters.

As the respiratory metabolism of most
fishes 1s predominantly based upon lipids
and proteins, rather than carbohydrates
and lipids, the section concerning the
basics of energy metabolism indicating
the entry points of different amino acids

-and fatty acids into citric acid cycle for

ATP production may prove to be very
useful; this information does not usually
find a place in most general and com-
parative animal phystology books. Equally
useful is the presentation on dietary in-
gredients and feed formulations, espe-
cially for incoming aquaculturists.
Commendable js the part 2 concerning
the physiological encrgetcs, which rep-
resents a summary of the voluminous .
literature that has accumulated from six-
tics to ninctics. However, 1t is not clear
why the author has not relegated a section
on herbivorous and omnivorous fishes.
No doubt they constitute loss than 1%
of the fish species, but they muke more
than 35-55% of coral fishes and some
of them have been most successfully cul-
tured for ages, Equally a section on di-
gestion is also missing, despite the fact
that the author himsell has contributed
land-mark publications on this theme. The
lowest measurable metabolic level of an
antmal is  variously recognived as the
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