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An algorithm for conducting hypotheses
testing based on Neyman—-Pearson
Lemma. I. The case of continuous
univariates

S. Parthasarathy and K. Sekar

Department of Crystallography and Biophysics, University of Madras,

Madras 600 025, India

Neyman-Pearson Lemma provides a method for con-
structing the best critical region in hypotheses testing
problems involving two simple hypotheses I, and H,. In

many applications M, and H, sare expressed as
probability density functions fy(x) and £, (x). In practical
situations the functions f;(x) and 7, (x) are cither too
complicated to be amenable for straightforward theoretical
treatment by Neyman-Tearson Lemma or given only as a
table of numerical values. An algorithm to conduct the
Neyman—Pearson test for such a complicated sitvation is
propused. A Fortran program, called NPTEST, for imple-
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menting the algorithm has also been developed and
tested.

IN many hypotheses testing problems one has to decide
between two probability density functions (PDF) f,(x)
and f,(x) and the Neyman-Pearson Lemma® can be
used to construct the best critical region for the test. In
many practical situations the PDF f,(x) defining the
null hypothesis H, and the PDF f,{x) defining the
alternative hypothesis H, are ¢ither too complicated to
be amenable for straightforward theoretical treatment
by Neyman-Pearson Lemma or are given oanly as a
table of numerical values, For example, in statistical
tests for determining the space group symmetry of a
crystal one meets with such a situation. It would
therefare be quite uscful to develop an algenthm for
conducting the Neyman-Pearson test for such compli-

cated situations and in this paper we shall descnibe one

such algorithm, A Fortran program, called NPTEST,

for implementing the algorithm has abvo been developed

and tested using random samples generated from a few
known piobability distributions. NPTEST has also
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been tested in a few crystallographic situations rclated
to space group determination. The details of these tests
ar¢ also prescnted.

In the present paper we shall assume x to be a 1-
dimensional continuous random variable. For the con-
venience of numerical calculation we shall assume f,(x)
and {, (1) to be defined 1n a fintte interval a<x<b, H the
PDF's under Hy and H, are themsclves dcfined on a
finite interval, the choice of a and b are trivial. However
if the PDF's under H, and /11, are defined on an infinite
interval, the user has to specify a suitable finite interval
|2, 0) for conductmg the test. In this case it is advisable
to choose @ and b such that the probability mass of the
original distributions included 1n that interval is as
large as possible. If the PDF's under H, and H, are
defined on an infinite interval, then NPTEST computes
the truncated distributions applicable to the interval
(a,b) and uses them in the calculation.

Consider the {oliowing hypotheses testing problem:

Hy: f(x)=fo(x)
H, fix)=f{x)

(1)

Let {x,,X;,--,x,} be a random sample used in the
test. We shall assume that, for any given value of x, the
values of fo(x) and f,{x) can be calculated to a desired
accuracy. In view of the Neyman-Pearson Lemmat, the
best critical region (BCR) 1s determined by

ﬁ fl(x_r)] ?_kr (2}

i1=1 D(xj)

where k 1s @ non-negative constant. Taking the natural

logarithms of (2) and then dividing both sides by n, we
obtain

(/) Y. t, 2 (In K, 8

where ¢ 1s defined to be

t=In Bl W1, 4)
u(-’f)_J
Defining T and ¢ by
T:(]n[’;}.@]>={:},c=(lnk]m, (3)
ol x)

we can rewrite (3) compactly as

T>c . (6)

I' defined 1n (5) is the test statistic of the Neyman-
Pearson test. Let f(T] Hy) be the PDF of T when Hj is
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true. The BCR of size « (i.e., the level of significance )
1s given by the inequality

T>T., (7)

where the value of T, is to be chosen such that
P(IT>2171|Hy)=ua . (8)

Thus the best test for the present situation is the one that
is based on the statistic T with the region T> T, as the
critical region. For a given a, the value of T. satisfying
(8) can be obtamned by Monte Carlo Method as shown
below.

To obtain the cnitical value 7, for a given a{=0.05,
say), we must {irst obtain the sampling distnibution of T
under the null hypothesis Hy;. This can be done
numerically using the technique of inverse transform?
by the Monte Carlo method and it involves the
following steps: (1) Generating a value of the random
variable x from the distribution given by the PDF

fo(x} by the mverse transform method (see the next

paragraph for more details); (i) Using this value x
compute the value of ¢(x} defined 1 (4); (iil) Repeating
steps (i) and (1) r times (r=1500, say) and obtaining r
values of t (denoted by ¢y,¢t,,---,t,). (iv) Computing the

r

average value (E r‘,-)/r and denotingitby I",. T, thus

i=1

obtained, is a sample value from f(T'| Hy); (v) Repeating
the steps (1)—(1v) p times (p= 500, say) and obtaining the
values T, T,,--, T,. These represent a random sample
of size p from f(T|H,), (vi) Arranging the values
Ty, T;,--, T, 1n decreasing order and obtaining the set
of values T9,73,---,T,, where T\ >T)>.-.>
(vii} Since there are 500 values of T in all, it follows that
(T'35+ T54)/2 may be taken to be the solution of (8)
corresponding to a=0.05.

Step (1) in the above procedure needs some
explanation and we shall consider this aspect presently.
Let Fy(x) be the cumulative distribution function of x
for the truncated PDF of x valid for the finite interval
a<x<b. According to the principle of probability
integral transformation?, the random variable u defined
by

u=Fqy(x) 9)

15 uniformly distnbuted in the interval 0<u<1. For
any given value ¥’ of u the value of the inverse of the
function in (12) can be obtained numerically by solving
the equation

Folxy—u' =0 {10)

by the Newton-Raphson method* as

CURRENT SCIENCE, VOL. 63, NO {1, 10 DECEMBER 1992
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{Fﬂ(xm)“u'}
xm+ :xm_ _, m=0,1,21"‘1 11
1 f{}(xm} { )

where we have used the fact that f,(x) 1s the deviation
of Fy{x). The initial approximation x; needed for the
Newton—Raphson algorithm in (11) may be obtained by
the following steps: (i) Generating 501 equally spaced
values of x in [a,b] and letting these be denoted by x;,
j=1 to 501. Computing the values of Fy(x;) (=u;, say),
j=1, 501. The ordered pairs (x;, uy), j=1 to 301,
provide a discrete representation of the function defined
in {9). Evidently the ordered pairs {u;, x;),j=1 1o 501,
provide a discrete representation of the inverse of the
function defined in (12); {11) For the v (=43, say)
numbers* u,'=0, 0.05, 0.1,---, 0.9, 0.905, 0.910,---, 0.98,
0.9825, 0.9850,---, 1.0 computing the corresponding x,’,
k=1 to v, by using linear interpolation on the set {{u;,
x;), j=1 to 501} obtained in step (i). The ordered pairs
(', x.'), k=1 to v, thus obtained also provide a
discrete representation of the inverse of the function
defined in (9). This smaller set (1.e., v«3501) 1s more

*The grid-point-spacings, in the u’-space are taken to be 0.03, 0.005,
0.0025 for 0<u’ <09, 09<u’ <098 and 0.98 <u” <1 respectively.

Such a choice has been made to obtain sufficiently accurate values for
x, In the numencal process.

2'0 a 2'0 b
PX P(X
0 g

X —e

convenient for obtaining the value of x for any given
value of u by linear interpolation: (iti} Finding the
interval in which the number ' lies and using it to find
xo by linear interpolation on the set {(v,', x;'}, k=1 to
v}.

A Fortran program, called NPTEST, has been
written incorporating the above numerical calculations**.
The program requires the following information as
input: (i) A table of values of fy(x) and f, (x) for different
values of x, {ii) The sample values {x;} for the test. It
computes tables of values of the PDFs of x under H,
and H, at 50 equally-spaced grid points in the interval
(a,b). It then fits these two truncated PDFs with
interpolating cubic splines. It calculates the cumulative
function of x for the truncated distributions of x under
H, and H, at the 50 grid pomts by numerical
integration. 1t then computes the critical value of the
test statistic 7 by Monte Carlo method. The program
then conducts the test and prints out the unique

decision arrived at.

The algorithm was tested for 3 hypothetical cases. In
each case (see Table 1) a random sample of size 700 was
generated from a specific distnbution using the
principle of random variable generation®. While the

**The listing of NPTEST can be had from the authors on request.

25 0 30

Figure 1. The graphs of the PDFs used to specify Hy and H, for three cases. Curves {La), (1 b} and (¢} are for the three cases

considered in Table 1.

Table 1. Description of the three hypothetical cases used (o test NPTEST

PD§s used in hypotheses

" Lhe PDE
Domain of used to
defimtion Rel. gencrate

Cane testing of the PDFs hg. the sample
Jul¥) fily)

l } 2% 1243 (1~ 3) 0<v<i b a fo{\)

2 2xexp(— x*) fulexp(—1?) x> 1 h MAY:

3 \/i’nc:p{—x’;‘l”} 2vexp(~ ) >0 !« Y

L o YRR B T L T T — r . -

Nate: (1) Forcase Lf 10 s the P of the beta desinthution® with parameters meo- 2 and - |
and fi{x) 1y the P of the beta distribution with parameters m- 3 and 0 -2

Gty For case L fo(a) s the iy of the Weihall distribation® wath parametens # Jaade -
and £, 3} the PRI of the Waball distnbubion with partmetees o -4 anf e 1§

i) ¥ oor case 3, ) and £k are the PO S of the nanmalizad structuee (actor maymtude lot

the wentrie and  acentie Wilson dintrbution

crystatlography.
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Table 2. Results obtained from WPTEST for the 3 cases desenibed in Table 1

Decision
Observed value obtained PDF used to
Cnircal of the test regarding the generate the
Case region statistic PDF of the sample sample
1 [-0149 0126 Jo (x) So )
pi [-0587 0.533 folx) folx)
3 [-0 148 -~0.225 fi€x) S (x}

Note: a=0.05. Ix,’ stands for the interval 0<x<x,.

1

Piy)

¢ Y — 3 Q

I...-————-i\_l 0
3

Y i

4] Y 3

Ficure . The graphs of the PDFs of y for three crystallographic situations. Curves (2a), (2b) and (2 ¢) are for the crystals 1, 2 and 3

of Table 3,

PDFs fy(x) and f,(x) for the first case are defined on the
finite interval 0<x <1, those for the second and the
third are defined on the interval 0<x<o0. For the
latter two cases the theorctical truncated distributions
valid for the interval D < x <b were used in the test. The
values of b for the second and third cases were
determined such that the probability Pr(0<x<b),
calculated using that PDF which tends to zero less
slowly, is greater than or equal to 0.999. The sample
data which lies in the interval 0<x<b was used in the
test for the cases 2 and 3. The results obtained from the
tests conducted using NPTEST for these three cases are
given in Table 2 which shows that correct decisions are
obtained in all the cases.

The algorithm was also tested for three situations
met with in X-ray crystallography. The PDF of the
normalized structure factor magnitude y for a triclinic
crystal containing 2 heavy atoms per unit cell besides a
large number of light atoms is given by’

Piy)=(1/a)(2/m)** exp{—y}/20,")

: 3
U. exp [—a,”sin? tfo,* 1%

0

cos h [ /2 a, yysiny/a,2]dy (12}

—

if the space group of the crystal is P1 and by
P(y}=(4yn/no;®) exp(~yn’/0:”)
n'l
[j exp [ —(20,% 5in? Y/o,%) x

Q
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Iy [Z\ﬁﬂ'li’w S10) ‘Wﬂ'zz]d'l’]a {13)

if the space group of the crystal is P1. The parameter o3
is a measure of the contribution of the heavy atoms to
the local average intensity relative to that from all the
atoms in the unit cell of the crystal and 63=1—g}. A
crystaflographer meets with the problem of deciding
whether the space group of the crystal under
investigation 1s P1 or PI from the normalized structure
amplitude data (called, y-values) which could be
obtained from the intensities of X-ray reflections. This
problem can be solved by testing whether the observed
y-data fits better either (12) or (13). Since o] is a slowly
varying function of the (sin 8/4) where 28 is the angle of
scattering and A is the wavelength of X-rays, an
average value of of is to be determined for the
reflections used in the test and this average value is to
be used to compute the table of values of the PDFs of y
corresponding to the null and alternative hypotheses.
The tests were conducted by using the truncated PDFs,
the limits a and b being determined from an analysis of
y-values, Relevant details of the three crystals used in
the tests are given in Table 3 and the theoretical PDFs
of y corresponding to the hypothesis H, {te., space

Table 3. Details of the three crystals® =19 uged to test

NPTEST
Asymmetric Ep_ace R -
Crystal unt group @ b o’
! C.H,, NO, (1 Pl 0.3t4 2700 0.53
2 C,,H N;O,Br PT 0286 2700 0.56
3 C, H,, NOCI PI 0287 2800 044

CURRENT SCIENCE, VOL. 63, NO. 11, 10 DECEMBER 1992
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Table 4. Results obtained from NPTEST for the three crystals described in Table 3

Decision
obtained
Observed value regarding the Actual space
Critical of the test space group group of the
Crystal region statistic of the crystal crystal
! [ —0.020 0.038 Pl Pl
2 { —0.021 0.032 Pl P
3 [—0.023 0.047 P1 Pi

Note: a=0.05. *[x," stands for the interval 0 < x < x,.

group of the crystal is P1) and H, (i.e., space group of
the crystal is PI) are shown in Figure 2. The results
obtained from the tests are given in Table 4. It is seen
that correct results are obtained in all the three cases.
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Self-diffusion coefficient of 86-Rb in
mica-rich soils
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The self-diffusion coefficient of 86-Rb in four surface
soils derived from mica-rich parent materials was
determined at field capacity. Its values ranged from
0.54 %< 10710 to 1.674 x 107! cm? sec”! at zero level K and
from 1.788 x 107" to 7.02 x 10~ ¢cm? sec! at 50 ppm
level K. These values were found much fower than the
values reported elsewhere earlier. Enrichment of these
soils with 50 ppm carrier-K resulted in a tremendous
increase in the Da-Rb values.

The movement of K through diffusion is important 1n
soils'. Potassium does not have any suitable 1sotope to
use in Jabelling soil. The **K and *'K have hall-lives
only in hours, while enrichment of natural tsotope, K
and the stable isotope *'K is very expensive. The
rubidium was tested as a tracer of K in soil studics?,
The process of Rb uptake from soil by plant roots s
similar to that of K uptake®?®. The scll-diffusion of
56R b was found linearly correlated positively with soil
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moisture’. In view of this, an experiment was conducted
to study the self-diffusion coefficient of ®°Rb in soils
derived from mica-rich parent materials. Such infor-
mation particularly for the soils of India 1s meagre.

Surface soils of four representative pedons of Giridih
and Munger districts of Bihar were collected. Half-cell
technique as outlined by Sen and Deb® was used to
study the Rb-diffusion, at two K-levels ie. 0 and
S0ppm K. The tagging of sois with 86-Rb was
performed taking 1uCi/g of soil. A calculated amount of
water corresponding to water content at 0.3 bar (ficid
capacity) was added. Activity of tagged and untagged
soil portions was measured using a G. M. counter. All
the determinations were made 1 duplicate. The
apparent sclf-diffusion coefficicnt of *°Rb was then
calculated by using the intcgrated form of the equation
derived by Phillips and Brown? and presented in Table
1.

The self-diffusion coefficient **Rb in all four soils at
zero level K ranged from 0.54 x 10719 to 1674 x 107 1°
cm? s ! The cnrichment of these soils with S0 ppm
carrier-K before determining the Da Rb, however,
resulted in a tremendous increase in the Da Rb vadues
at ficld capacity, This increase tn Da Rb appears tn_hc
possibly due to an increase in soil solution concentration
of K. The values for Da Rb in these mica-rich soily
were observed o be generally lower than the x;1!uc:~:
reported carlier ™ Such low values of Da Rb muight
have been due to the faet that the sl dlays were nich i
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