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ABSTRACT

A simple expression for the lattice therma) conductivity for a sample having dislocation ¢ore
together with isotopic IMgucities has been obtained in the frame of the nonlinear heat transfer

theory at low temperatures,

TH.E lattice thermal corductivity of an  jnsulator

of finitc dimcension at low temperature is of recent
importance. At these tempetatures, the imjofiant
scatierers of phonens are (e Boundary walls of the
crystal ard various kinds of defects prescnt in the
crystal lattice. Erdos® first studjed such g system to
obtair an anaiytical expression for the lattice thermal
conductivity, 1t is normally asSymed that the system
deviates shghily from 11s thermedypamical equihibrium
which leads to the concept of local temnerature and
the linearization of Kinetic equation with respecl to
the temperatute gradient. Foﬂn’wipg Erdos ard using
the boundary conditions consistent with the experi-
mental situation, Kazakov and Nagaev? (KN) calcu-
Jated the nonfineat Heat transfer in a lattice having
isotopic defects alone, by reformulating the Erdos
eXpression for the lattice thermal conductivity of such
samples and they obtained a simile ex ression for it
based on the relaxation time ap _roach. Due to its
simplicity, it was applied by several workets™ to study
the lattice thermal corductivity ¢f samples havipg
vatious types of defects {such as electrors, substitu-
tional impurities, etc)) in the frame of the ronlincar
heat trargfer theory. The aim of the present roie is
to extend the KN theoty for 2 samale having disloca-
tion cores together with isotopic defects by obtaining
an analytical expression for the lattice thermal conducti-
vity of such sample in the frame of the ronlinear heat
transfer theory.

whete w (k) is the phoron frequency 2s a funstion of
thé Phonor wave vector &, A ard ¢ are the scattering
strergths due to the res, ective scattering processes.
Thus, the combined scatterirg relakation rate is given
by

L (k) = Awt (K) + cw® (K). (3)

Following KN as well as Dubey® ard using egn, (3),
an expression for the lattice thermal corductivity can
be obtaired in the frame of the noprlinear hest transfer
theory as

K = K, [I — (Lej2v) (kg TIH)® [sl1,

~ (LA[29) (kg T/M* I/ 1] (4)
where

Ky = (3kp/2n® v} (k5 TIH)* (Liw) I, (5)
)

I, = [ x"{ef —1)dx =6 5 (6)
0
o0

I, = ] x"e' = 1)tdx =3 0610° {7)
0
Q0

I, = [ x6(e* — 1)"1dx =7 26 10* (3)
o

kg is the Boltzmanrn constant, % is the Planck Copstant
divided by 2z, L s the Casimit*® length of the ¢rystal
under sthdy, v is the average phoror velogity, 7T is

Assumipg the additivity of the inverse of relaxa.
tion times due to the different scattering processcs,
the combined scattering relexation time due to the
crystal lattice defects (dislocation ecres and isotopic
impurities orly) can be ex)rissed as

1) = 3 (k) + 72 (k) (1)

izo daf. €
where +1{k) is the combired scattering relaxation
rate, 71 (k) and T -ﬁ(k) are the scattering relaxa-
tion 1ates due to point-defects and dislocation core
respectively.  The Tespective scattering relaxation
rates’ are given by

(k) = AWt (A) and T (k) = ew () (2)

the tem,erature ard X = {(w/kgT). Substituting the
pnumerical value of the integrals, eqn. {5) reduces to

K =3 060 10'%{L/v?) T3l —1:25310¢%
x (Le/v) T3 — 1-143107 (LAWY TP (9)

where X, L, v, ¢, A and T are expressed in watt/deg/
em, cm, cmfsee, sec®, sec® and “K respectively,

It should be roted that to avoid the complications,
the scatteripg relaxation rates due to other defects
have been igrored in eqn. (4) and only dislocation
core has been considered together with isotopic scatter-
ing. However, if one considers dislocation strain
field scattering also together with ¢ore scattering, the
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expression for the lattice thermal conductivity stated
in eqn. (9) can be expressed 23
K =3-060 1010 {L{v?) T5[1 — 1-253 10% (Lc/v)
T3 — 1+ 143 2047 (LA/v) T*
— 2+ 507 101 T {La/v}] (10)

where @ is the strain field scattering strength and other
terms have the same meaning as defined earlier,

Substituting core scattering strength ¢ =0, i.e,
in the abserce of core, eqr. {4} reduces to
K =K, (1 — (LA20) (kg T/ LIL) (1)

which is similar to the expression repcrted by KN
for a sample having isotopic impuritics alone.

Due to lack of experimental data, a comparative
study is made between results obtained in the frame of
.the expression reported and in the frame of the
Callaway*! theory. The lattice thermal conductivity
has been calculated in the temperature range 0°2-10°K
using eqn. (9) as well as using the Callaway integral®!,
and results obtaired are reported in Table I. The

TABLE 1

The values of the lattice thermal conductivity obtained
in the frame of the expression reported and in the frame
of the Callaway theory in the temperature range 0-2—
10° XK. K {present) is the lattice thermal conductivity
obtained in the frame of eqn. (9) and K (Callaway)
is the same obtained using the Callaway integral

T k* K(present)* K{(Callaway)* % Difference**

0-2 4-08 10— 408 104 0
0-4 3:26 103 3-26 1073 O
0:6 1-10 102 1-10 107 0
0-8 2-61 106 2:61 1072 0
2:0 5-00 106-2 5G9 10°* 0
20 4.07 107! 4-G7 107! 0
3-0 1-37 1-37 0
4-0 3.24 3.20 1-25
50 6-217 614 2:12
6-0 10-70 10-34 3-48
7-0 16-65 15-88 4-88
g-0 24-13 2277 6-06
9-0 33-02 30-16 6-65
10+ 0 42- 81 40- 35 6-10

e

* The values are expressed in watt/deg/cm.
+» o/ Diflerence = K (present) — K (Callaway)/

K (Callaway).
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percertage difference between these two results is
also listed in this table, From this table, it is clear
that below 4° K, the results obtained in the frame of
the expression reported in the present work is exactly
the same as in the frame of the Callaway theory. How-
ever, there are some descrepancies above 4° K, and the
values obtained using eqn. {9) are larger than that
based on the Callaway integral. Thisis because of the
phonon-phonon scattering processes which have not been
included in the present ex)ression. At the same time,
it should also be noted that the KN theory is valid
only at low temperatures where the boundary scattering
plays a dominating role over other scattering processes,

From eqns. (4) and (9), it is clear that the expres-
sion obtained for the lattice thermal conductivity
of a sample having core together with the point-defect,
in the frame of the ronlinear heat transfer theory, is
very simple and one can estimate the lattice thermat
conductivity of such samples without going through
any complication. In the absence of core scattering,
the expression obtained also reduces to the expression
obtained by KN for a lattice having isotopic impurities
alone. At the same time, it i3 interesting to note that
the expression reporied in the present note ts much
simpler than the ex»ression proposed by Callaway,
With the help of Table 1, it is also clear that it gives
good tresults at low temperatures.
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