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RINIVASA RAMANUIJAN, the greatest
Indian mathematician of modern times,
was born on December 22, 1887 at FErode
in Tamil Nadu. After several unsuccessful
attempts to pass the Intermedjate examination
of the Madras University, he joined, in February
1912, the Madras Port Trust as a grade 4 clerk
on a monthly salary of rupees thirty. Even
from the age of 18 or 19, Ramanujan began
keeping his, now famous, Notebooks in which
he recorded his discoveries. These Note-
books after several years of hibernation in the
archives of the University of Madras were
published and brought to the notice of the
scientific public 1n 1957 by the Tata Institute
of Fundamental Research, Bombay, with
financial assistance from the Sir Dorabjee
Tata Trust. Ramanujan’s correspondence with
G. H. Hardy of Cambridge, England, who
was boundless in his appreciation of Rama-
nujan’s mathematical work, resulted in his
going to England in 1914 and staying there
for five years during which he did work of
“ profound and invincible originality”. In
1917 he fell seriously ill, partly because of
the damp English climate and partly because
of his reluctance—almost amounting to stub-
bornness—to take even vegetarian food which
was not highly spiced. He was confined,
for the greater part of his stay In England,
to Nursing Homes and Sanatoria and
returned to India carly 1919, emaciated and
in poor health. He passed away in Madras
on April 26, 1920 hardly 33 years old.

During his stay at the Sanatoria In England
where he was most of the time confined to
bed and in comparative solitude, he had been
working on many problems related to the
partition function and the ‘tau’ [unction and
on gencral aspects of, what is now known as,
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*Hecke Theoty’, in which he was indeed a
pioneer. He seems to have begun there a
long memoir (A) entitled  Congruence

properties of p(n) and 7(n) defined by the
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He had also been working on various aspects
of the continued fraction

x x2 x®

which was discovered independently by Rogers
and Ramanujan. Tts evaluation, however, for
special values of x, is Ramanujan’s own and
has intimate connection with complex multi-
plication.

He had, in addition, been writing letters to
Hardy fairly frequently. His letters were
invariably full of mathematics and are very
interesting. They deserve to be made public.

After his return to India in precacious health,
he had been staying in Nursing Homes,
especially in Madras. HMe seems to have
done an enormous amount of work on
g-serics, continucd fractions, etc. In fact he
wrote a long letter to Hardy containing his
results on mock-theta functions. He recorded
his discoveries during this period in loose
sheets of paper where, as  was his wont,
statement followed statement. A long manu.
script, which is called by G. E. Andrews, the
“ Lost” notebook of Ramanujan has o
strange history and scems to have been writien
during the last year of his life.

Eopland, for according us

permission (o print the three pages from Ramanujan's munuscript.
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A part of Ramanujan’s letter to Hardy
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Shortly after Ramanujan’s death in Madras
on April 26, 1920, all his manuscripts were
acquired by the University of Madras on
payment of rupees twenty per month for life
to his widow. (It appears that this amount
had been enhanced in the subsequent
decades.) These manuscripts were later trans-
mitted to G. H. Bardy. Since G, N. Watson
of the University of Birmingham and B. M.
Wilson intended to edit the Notebooks of
Ramanujan, the manuscripts were entrusted
with G. N. Watson. Hardy intended to edit
the manuscript (A) mentioned above. He,
however only published a short note on some
results of Ramanujan’s in the manuscript (A).
A few other results from (A) were supplied
with proofs by J. M. Rushforth in his thesis
in 1951 written with Watson. All the manu-
scripts remained with Watson and were, per-

haps, forgotten by him. On Watson’s death

in 1965, these manuscripts were deposited
by his widow, at the instance of R. A. Rankin
of Glasgow University, with the Trinity College,
Cambridge, of which Ramanujan was a Fellow.

They were strangely found by G. E. Andrews?

whose preprint made me aware of their exis-
tence at Trinity. The Tata Institute of Funda-

mental Research acquired photo copies of all

these manuscripts in 1978,

Watson had also copied Some manuscripts
of Ramanjuan {whose originals seem to be
not available now) and these papers are now
in the Oxford mathematical library, They
were brought to light, a few years ago, by
B. J. BirchZ.

To our knowledg:, thus, there arc the
following Ramanujan manuscripts which are
to be found in the hbraries of the Trinity
Collegz, Cambridgz and the Oxford mathe-
matical Ibrary in England. Whether there are
any other unpublished manuscripts of his,
available elsewhere, we do not know.

MS (A) is the long memoir of 43 pag:s of

foolscap-siz¢ .on the congrucnce properties
of p(n) and ~(n). A d:taled discussion of
this was already given by us in re¢f. 6.
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MS (B) are papers copied from loose sheets
by Watson. They are 32 pag:s in length and
are mentioned by Birch?

MS (C) Ramanujan’s letters to Hardy
written at various times while in Sanatoria
and later from India.

MS (D). Miscellancous notes available a
Trinity Collegs together with the edited, but
unpublished, versions of some chapters of
Ramanujan’s Notebooks by B. M. Wilson.

MS.(E). The so-called “ Lost” Notebook
of Ramanjuant.

It would be difficult to discuss, in detail,
the contents of these manuscripts. We shall,
however, mention some of the interesting
results 1n them which might give 3 flavour of
thesr contents. As stated above, we shall
not discuss the manuscript (A).

MS (B) was discussed by Birch. He had
published the results in (B) relating to Hacke
theory and the Identities connictad with
the functions G (x) and H (x) given by

X x4
G —— ] - .
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X1+ 2 523
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X34
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In his note in the Proceedings of the London
Mathemarical Society, Records for March 1319
Ramanujan has given two identitics bitween
H(x) and G(x) and says “Each of these
formulae is the simplest of a larg: class™
Brich in his note? has published 40 such
formulae from (B). It would b¢ very interest-
ing to give a systematic, and perhaps a untfied,
but not ad hoc proof of all these identities
Watson give proofs of 9 of them!l,

The importance of manuscript (B) is how-
ever due to the larg: number of results on
Dirichlet scrigs with Fuler product associated
with cusp forms belonging to the modu-
lar group and its subgcoups. One could
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A page from the ‘Lost’ Notebook of Ramanujan
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justifiably say, that on the formal side, this
is one of Ramanujan’s most beautiful crea-
tions. In his only published paper8, which,
as Blrch says, 18 one of the most beautiful
published by the Cambridgz Philosophical
Society, Ramanujan gives Dirichlet series with
Euler product. The Interesting fact is that
the p-factor of this Euler product 1s a quadratic
irreducible polynomial. In (B) Ramanujan
writes down many more examples of Euler
products of this type related to subgroups
of the modular group. There are many such
examples in (D) and (E). It is really remark-
able to see that Ramanujan with uncanny
insight, chooses just those cusp forms whose
associated Dirichlet series have Euler products.
How he arrived at these cusp forms 18 a
mystery. For instance, in (A) on page 23,

he defines
0
Z 2, () x" = x2{(1 — X) (1 - x9...}*
1
oD 3xﬂ
n
X (1 +2402 T x‘“)
1
and
& o]

o0

> 0t =2t {0 =) - 2.}
X (1 — 5042

b |
nﬁ xn
1 — x")
1
and remarks: ¢ The functions

Z Q, (”) Z -Qaﬁ(i"_?)

arc obviously not capable of a single pro-
duct...: but thev are, as a matter of fact, the
difiercnces of two such products.” It is indeed
a great tragady that the war intervened
during Ramanujon’s stay in England and
prevented him from mecting or even corres-
ponding with E. Hecke in Germany who, as
18 well known, independently investigated 20
years Jater 1 [937, the relationship between
modular  forms and Dirichlet Series  with
Luler products?, He had many things in

common with Hecke, at least on the formal
stde, which might have got exploited, had the
two mathematicians (who were both born in
1887) met or corresponded.

Dr. 5. 5. Rangachari'® has recently been able
to elucidate the statements madz in (B), (D)
and (E) and relate them to the work of Hacke
and others. As Rangichavi shows, Rama-
nujan had been able to write down, just how
one 15 unable to say, a basis of eigenfunstions
(of Hecke operators) which alone posisss
Dirichlet series with Euler products. It i;
an astonishing piece of work by Ramanajan.

MS (C) contains a Jarg> number of letters
related to asymptotic formulae for fourier
coefficients of modular forms of positive
dimension (nsgative weight). Ramanijan’s
letters dsserve to bz scrutinised further
There 1s ons particular Jetter (as usual with
no date) written in 1918 which is of interest.
In it, Ramanujan evaluates series of the type

z()=(1 - ;"') (== )
8 (1 ” 1‘?---l 25)*) (I - '17)
(1 - 11')(1 - +2;))

% Kl (3 — 2:)’) '
fors =2,4,6,8,... The numbers 3,1 + 2;
1 — 24, 7, 11, 3 + 24, 3 — 2i,... are all the
‘ odd * primes in the ring of Gaussian integars.
Ramanujan says that
IO\
2.(5) - (1) -2

znlﬁl

is a rational number for s =2, 4, 6,.
In fact A, =4, 1; = 12,.... This theme also
occurs in(E). Heevaluates A, fors = 2,4,...
60 and observes that for s = 4k, they are
related to Efenstein serics

L@+ by =),

¥ and O runntag through all (ateg:rs not
simuftancously zero. Raminujen alio knows
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that this is related to the lemniscate integral

b

h_dx
V] — x4

g

(see® for k =2). In this case they are
related to what are called Hurwitz numberss.
But Ramanujan’s viewpoint is independent
and goes much further. The series

(Z () = H (1 - KDY

(Np)®

where y (p) = D', the bar denoting complex
conjugition and Np =p + p > 0 and p runs
through the pirimes mentioned earlier, is a
Hecke  L-series with  “ Grossencharaktcre’
related to the 1maginary quadratic field
0 (v/=1). Curiously enough, Hecke was
investigiting such sgries precisely in 1918 in
his researches on algzbraic number theory34,
Ramanujan’s 18 a remarkable achievement and
he writes to a letter Hardy, a part of which
1s reproduced on page 204.

A dstailed discussion of these results 1S to
be found in ref. 7.

MS (D) 1s a collection of wunpublished
parts of several papers which were published
1n the British periodicals during Ramanujan’s
stay in England., These papers had not been
published in full presumably because of their
lengch. For example, a3 Hardy men‘ionse
(p. 339), part of the long paper *“Highly
composite Numbzets’ which wai suppressed
1s to be found in (D) though some sections
((62)-(68)) are missing. It might be interesiing
to study these anew 1n the light of later work
of P. Erdss and others.

A most interesting part of MS(D) is the
scction due to B. M. Wilson who had * edited ’
twelve chapters from Ramanujan’s Notebooks.

The most important manuscript, without
doubt, 15 MS(E). Itis 2 mine of [ormulae
written 1n the style of the Notcbooks contain-
ing a very large number of results on moch-

Curr. Sci—3

o ally

theta functions, continued fractions, g-series,
Complex multiplication, etc, G. E. Apdrews
wrote to us fast year that he had proved a
larg: number of formulae in this manuscript.
We just quote one formula related to conti-
nued fractions; the formula is indicative of

the fertility of his ideas and the beauty of his
results:

2 4/(x) 1 1

1 — & 4 e — ¥ 4 22 - **°

I ()
where
G(x) =ax*+ ax*+ ...
and
_4r(m)
i (lﬂ 7+ 7 Ly, )
1
X 1ﬂ+1 3n+1 + 5 Snil C v
&= ., ay = —
2-‘483 a‘l 1152! ‘o nn

It is to bz noticed that Ramanujan knew
not only the valuei of the zeta funstion at
even positive integers biut also of the L-aeries
with real characters at odd positive integ:
There 1s another example like the above in (E)

There are any numbsar of variations related
to Ramanujan’s continued fraztion mentioned
earljer.

However, one of the most interesting features
of the manuscript () is the insight, albzit
shight, that it affords wus into the way
Ramanujan must have arrived at the beautiful
results in (E). While Ramanujan had tremen-
dous 1ntuition about and insigat into formulae,
one docs not event pow know of the tremendous
amount of computations and work that must
have preceded before the many  beautiful
formulag crystallized. We reproduce  (sce
pages 206 and 208) two facsimiles of
“working”, 1t is quite possible that the
many papers in which he had done the
“working "’ have either perished or been
thrown away.
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