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i .a suffictently general way, and yet with a com-
prehensive enough set of unifying principles is a
major unsolved problem at present. However, a
comparison with experiment of several two-body
reactions up to reasonably high energies (~ 10 GeV,
lab) at a pedagogical level, indicates that the varia-
tion of the form factors with energy could well be
a valuable pointer to a more complete theory of
the future. In particular, neither the predictions of
the H.O. model (which gives Gaussian shapes), nor
the constraints of analyticity (which lead to some
sort of exponential structures) appear to be com-
patible with the data which seem to require a
gentler fall with energy—something more akin to an
inverse power law. One wonders f this indicates
some ‘‘non-compact” features in the structure of
form factors. (The “inverse power law” also ap-
pears to be compatible, in principle, with scaling
behaviour in the triple Regge region.)
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[ conclude with a speculation on the status of
quarks in the hierarchy of constituents of matter,
assuming for the argument that they are physical
entifies. At this stage of development gquarks
represent a sort of “third stage” in the sequence

atoms — nuclei — nucleons -+ quarks.

The fundamental question is then the following :
“Does the process stop at the quark stage, or does
it continue to infinity ?” The school which believes
In mathematical guarks considers this guestion as
meaningless. A subset of this schocl, which believes
in elementary particle democracy, has a position
diametrically opposite to the quark philosophy.
However, if the quarks turn out to be merely a
third stage in an infinite hierarchy of constituents,
then, it is amusing to speculate that the “quark” and
“bootstrap” points of view may not be that different

after all. In any case this is a big, wunsolved,
problem today.
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THE unitary unimodular groups SU(n) occupy a
position of paramount importance in the
present-day physics. These groups have been used

extensively to classify mulfi-electron states of atoms

and states of nuclei. To have an idea of the im-
portance of these groups in the theory of complex
spectra one need only turn over the pages of the
books written by B. R. Judd! on the subject. For
n:3; 4, 6, 12, they have been used as possible
symmetries of elementary particles?, The expeti-
mental evidence in support of the SU(3) symmetry
is now overwhelming, and some of the results
obtained by using this symmetry are likely to be
of permanent value. This is not quite true of
the higher groups, though the SU(3) transforma-
tions form a subgroup of the larger symmetry.
Nevertheless, persistent efforts are being made to
gain a deeper imsight into the nature of the ele-
mentary particles by using the higher groups, and
%t has become imperative to study the structural
properties of these groups in greater detail. The
mathematical problems that arise in this connec-
tion are more or less familiar and can be divided
:nto the following broad categories :
1. Construction of state vectors.
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2. Determination of the matrices of the generators.
3. Determination of the representation matrices
for finite transformations.

4. Classification and construction of tensor
operators.

5. Structure of the Clebsch-Gordan (CG)
series.

6. Evaluation of the CG coefficients.

None of these problems appears to have been
solved for general values of n. For solving prob-
lem 1 one may take3#, following Gel'fand, n — 1
independent sets of variables af (i=1, 2,...,
n—1: j=1, 2,..., n), each set transforming
according to the basic n-dimensional representation
of SU(n), and put a. in the first-row, a2 in the
second row, and so on, in a Young frame of n —1
rows. The standard Young diagrams correspond-
ing to such a frame represent the basis states of
an irreducible representation (IR) of SU(n)
characterized by the row lengths m, . However,
in physical applications one is interested in IR’s
which are explicitly reduced with respect to @
particular chain of subgroups, say, the c¢anonical
chain SU(n— 1) 5 SU(n—2)... o SU). To
obtain such representations one must form appro-
priate lincar combinations of the standard  states.
This is, in general, @ dificutt tash and has been

carried out only for values of n up ¢ 4 Th¢
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expression  obtained for the general state of
SU{4)% is suffiiciently complicated to discourage
any further sttempt in this direction.

Next, let us come to problem S, namely, the
determination of the structure of the CG seriesTS,
I may be wrong, but there appears to be no serious
dificulty in solving this problem and deriving a
general formula that will tell us which IR’s occur
in the decomposition of the direct product of two
IR's of SU(n) and how many times a particular
IR is repeated.

A solution of problem 6 is of vital importance
to theoretical physicists. In the study of reactions
with two incoming and two outgoing particles
belonging to the IR's of one of these groups and
in relating the amplitudes in crossed channelsd the
CGC of the group play an important role. Un-
fortunately, no systematic investigation of the CGC
has been carried out for values of n beyond 3.
This is primarily due to the fact that the com-
plexity of the computations incCreases extremely
rapidly with n. For SU(3) general formulae for
CGC have been given but not in a form which
can be of any use to the physicist. They involve
at least tem summations over quantities which are
themselves summations. It is evident that the sttua-
tion will be much worse for higher values of n.
However, although the actual computation of the
CGC for general values of n is a formidable task,
there exists a straightforward and perfectly general
mathod for doing this. This method is based on
the theorem given in standard text-books that the
integral of the product of three matrix elements
of finite transformations belonging to three IR’s
of a group is equal to the product of two CGC.
This method Bas been used by us to calculate the
CGC of SU(3) in a recent paperl0, At the ead
of the paper we have made the following remark,
“For calculating the CGC of a group we require
three things, (i) a set of parameters for Jabelling
the elements of the group, (ii) the invariant volume
element in the parameter space, and (ifi) an ana-
Iytic expression for the matrix elements of finite
transformations. When these three things are
tnown, the calculation of the coefficients becomes
an exercise in elementary algebra.” This method

not only enables us, in principle, to calculate the

CGC of any group, but also provides a simple and
convenient scheme for orthogonalizingll them.
Thus, problem 6 is seen to be intimately connected
with problem 3 of finding the representation
ma‘rices. The latter problem has again been solved
only for SU(3)12. In the general case it has been
possible to introduce a set of parameters?® in such
a way that a special SU(n) matrix exp. (—i'p M)
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[where, M has unity in the (n, 1), (1, ») posi-
tions and zeros in all other positions] stands in
the middle with two SU{n — 1) matrices on the
two sides. The problem 1s, thus, reduced to the
determination of the represeniation  matrices
of SU(nh—1) and of the ‘boot operator
eXp. (—i1aM),

To illustrate the points mentioned above we
discuss SU(4) in some detail. This group is
stfficiently more general than SU(2) and SU(3)
to reveal some of the peculiarities of SU(n). An
IR of SU(4) is characterized by three non-negative
integers M, u. » corresponding to a Young tableau
of row lengths A + & 4 » u + », and ». The states
within such a representation carry six labels and
may be denoted by the symbol Ilp g i m Y Z >,
where, m Y Z are the cigenvalues of the diagonal
generators, (p,q), j are the representation labels
of the SU(3) and SU(2) subgroups, and & << p + ¢
< M u-4+v. The group can be parametrized by
writing its general element in the form

T == @ i%,2 p—llo¥ p={8 Ty o1 Py p—1%gTy p—1¥sE)y
% @ i%Eyy [eﬁﬂls*r, p—$%9Bz; —1%.0T; oA 1K,
X et%1:Ty @1%138n @1%14Ty g1f1a¥ ]
where,

Ta=14 {A) — A%, Y =1(A 4 A — 245°%),
Z =%(A*+ A+ A - 3A,%,

E,; = ‘% {Aj‘ + A/J), Ey -"'-"2? (Ajf — A/
for

i<ij; 4,4=1,2,3, 4
and

{AifJ#nn = 31,“3” - %-" BJISMH-
Yor the above parametrization the matrix element
between two states of the same IR takes the form

. MY .
(pqimYZ | v | p'qi'm'X'Z")
== 2 e“"ﬂ--]z e"{ug'ﬁ' e*iﬂam

JmyY
X {(jm | e1%En | jm) e 1%m
X (pgimY | e-%s | pgimY)
x (pQ7 mYZ | ¢~ 1%1Fs | p'Q’:i;l‘;Z'}

X (p'q’ imY | SU (3) | 9'q’i'm’¥’).
All the gquantities occurring in this expression are
known with the exception of the matrix element
of the ‘boost’ exp. (— ia, E,,). To determine the
latter one may express the generators as differential
operators in the parameters of the group and then
use the well-known theorem that the matrix ele-
ments are eigenfunctions of the Casimir operators.
However, the procedure, even in the case of SU(3},
Jeads to a system of simultaneous differential
equatiops which are not ¢asy to handle. An altex-
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native procedure which gwes the same result but
keeps the calculations wlthm reasonable length is
to set up the first order recurrence relations satisfied
by the boost matrix eclemients and build the general
solution by iteration from a simple special case.
These relations have been set up for SU(3) and

SU(4). For SU(3) they are of the form
j+tm+ I, IS L
e ) [21;::0“ i(38-p+q-m

tan v — 1 —é- — 4:csc2u ’ m*] (jmé: m )*
B z({j—-m‘i{g-i-m +l){3 —m’)
- 25 + 1
X cscv s {jm + 18: m/ + 1)*
2(2i + 2)3[i+d+q+2)(j+8+1)
X(p—F -G +im+L5+L:m)*
where,
Y=28—%{p - qY, {imd: m')

= (jmd| e ¥ | i'm’d’),
and » i1s the variable in the boost operator exp.
(—2i7E;3). The recurrence relations for SU(4)
are longer and cannot be reproduced in this review.
The method described above works for any
SU(n) though the complexity of the calculations
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increases enormously for higher values of n. Once
the representation matrices are known the CGC
can be calculated by the method of group integra-
tion mentioned earlier. The invariant volume

required for the integration has been derived by
the present author13,
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