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This study presents an optimal design approach of 
lead rubber bearings (LRBs) for frame structures. 
The proposed approach involves a bi-objective optimi-
zation problem by maximizing the isolation efficiency 
along with minimization of peak bearing displace-
ment. Further, a varying weight factor approach is 
proposed to target multiple performance objectives 
under different hazard levels of ground excitation. 
The optimal yield strength of LRBs for the considered 
frames is selected such that the total deviation of both 
objectives with respect to their specified limits is with-
in 5%. Finally, it has been demonstrated that the pro-
posed approach is generic in nature and valid for 
different superstructure flexibility and damping when 
subjected to ground motions of varying hazard levels. 
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SEISMIC base isolation is a widely used passive control 
strategy to minimize earthquake-induced damage to struc-
tures. This is evident from the long list of important struc-
tures around the world that have been seismically isolated. 
Comprehensive reviews about different passive, semi-
active and active isolation devices can be found in the  
literature1,2. Isolation devices based on elastomeric bear-
ings shift the dominant frequencies of a structure away 
from the dominant frequencies of the ground motions, 
thus resulting in less force transfer to the superstructures 
during earthquakes3,4. For sliding bearing, force transfer 
is limited through the coefficient of friction of the sliding 
surfaces. 
 Lead-rubber bearing (LRB), an elastomeric passive de-
vice, has been used widely to protect important buildings, 
storage tanks, bridges and offshore structures5,6. LRBs 
basically consist of rubber layers with steel shims and 
have a lead plug inserted at the centre. High initial stiff-
ness of LRBs is due to the presence of the lead plug, 
which also provides an elasto-plastic behaviour resulting 

in higher hysteretic damping of the isolated system during 
earthquakes7,8. Several studies have suggested that the in-
tensity of ground motions may have varied influence on 
the outcomes of base-isolated structures6,9. As the beha-
viour of passive control devices such as LRBs is not 
adaptive, the performance of an isolated structure can be 
improved through the optimal selection of isolator para-
meters. Jangid10 obtained the optimum yield strength of 
LRBs for near-fault ground motions. Zou11, and Zou et 
al.12 developed a numerical optimization technique to 
minimize the total cost of base-isolated buildings by con-
sidering peak inter-storey drift ratio (PIDR) of the super-
structures and lateral displacement (PBD) of the LRB 
isolation system as the design performance criteria. Re-
cently, Shinozuka et al.13 have formulated a bi-objective 
optimization problem for a structure isolated by shape 
memory alloy-supplemented LRB (SMA-LRB). In the 
work of Shinozuka et al.13, the problem statement was 
based on maximization of isolator efficiency along with 
minimization of bearing displacement. 
 The bilinear force–deformation behaviour of an LRB is 
characterized by parameters such as yield strength (Fy), 
yield displacement (q) and post-yield stiffness (Kpy). To 
enhance the isolator efficiency, the present study calcu-
lates the optimum (Fy) of LRB by solving a bi-objective 
optimization problem involving both PIDR and PBD as 
independent objectives. The reason behind considering 
PIDR as an objective is that it provides reasonable infor-
mation regarding the global dynamic instability and per-
formance level of a structure. The optimal parameter of 
LRB is then evaluated for different hazard levels by vary-
ing the weight factor. Suitable weight factor for each objec-
tive is selected based on the principle of minimization of 
total error. 

Numerical model 

Structural model 

To study the efficiency of the proposed approach for  
seismic isolation of existing older structures, a set of three 
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Table 1. Natural periods and modal masses of the considered frames 

 Mode no. 1 Mode no. 2 Mode no. 3 
 

Frame Period (s) Modal mass (%) Period (s) Modal mass (%) Period (s) Modal mass (%)
 

Four-storey 0.74 93.93 0.23 5.35 0.12 0.81 
Eight-storey 1.18 85.65 0.42 11.11 0.24 2.31 
Sixteen-storey 1.85 81.34 0.66 12.5 0.38 3.47 
Six-storey 1.17 82.7 0.39 13 0.21 3.9 
Three-storey  0.66 56.11 0.24 16.25 0.17 27.64 
 (brace frame (BF))       

 
 

 
 

Figure 1. Schematic diagram of floor elevation of the representative 
steel moment-resisting frame structures. 
 
 
pre-Northridge steel moment-resisting frame (SMRF) 
structures (an exterior frame for each of 4, 8 and 16-storey 
buildings) with the same plan dimensions was considered. 
These frames were designed and studied by Santa-Ana 
and Miranda14. As mentioned by the authors14, these 
structures are representative of steel frame buildings exi-
sting in California, USA. Next, the effectiveness of the 
proposed approach was evaluated in contemporary code-
designed structures by considering a six-storey SMRF 
(designed according to the provisions of FEMA-451 (ref. 
15)) and a three-storey brace frame (a representative 
model of SAC Phase II structure in Los Angeles, USA)16. 
 For the three pre-Northridge SMRF structures, the 
structural members from each building were designed by 
varying the stiffness such that Santa-Ana and Miranda14 

put the SMRF structures in the stiff category. Figure 1 
shows the floor elevation of the exterior frames of these 
buildings along with the dimensions14. These frames were 
designed using the 1994 UBC-specified lateral load dis-
tribution for zone IV (ref. 17), and have a uniform mass 
and non-uniform lateral stiffness distribution with respect 
to height. The aforementioned pre-Northridge frames were 
modelled in OpenSees18, an open source finite element 
platform. Figure 1 also gives the various sections consi-
dered for the structural members of these frames. All 
beam and column elements were modelled as ‘beam-
WithHinges’ with a kinematic hardening ratio of 3% and 
P-delta coordinate transformation. A lumped mass of 
16,000 kg was assigned to each node to simulate seismic 
mass on the frame and a Rayleigh damping of 2% was 
considered for the first two modes9. Table 1 provides the 
first three natural periods with modal masses from eigen-
value analysis. For all the buildings the normalized modal 
mass was found to be more than 80%, implying that the 
first mode is the dominant one. 
 The six-storey SMRF structure had a floor plan of 
54.86 m along the east–west direction (six bays of 9.14 m 
each) and 42.67 m along the north–south direction (five 
bays of 8.53 m each). For this study, an appropriate numeri-
cal model of the exterior frame in the north–south direc-
tion (Figure 2 a) was developed in OpenSees18, according 
to the details provided in FEMA-451 (ref. 15). The three-
storey brace frame (BF) structure considered is a repre-
sentative model of the SAC phase II structure in the Los 
Angeles area16. Similar to the aforementioned six-storey 
SMRF, an appropriate numerical model of the exterior 
frame in the north–south direction (Figures 2 b) was de-
veloped in OpenSees18 according to the details provided 
in Hossain et al.16. The first three natural periods along 
with the normalized modal masses of the six-storey 
SMRF structure and three-storey BF structure were eva-
luated for the fixed-base conditions using eigenvalue 
analysis (Table 1). 

Ground motion selection 

For nonlinear time-history analyses of all the considered 
structures, a total of 40 ground motions (two bins with 20 
motions each) from the SAC steel project representing 



RESEARCH ARTICLES 
 

CURRENT SCIENCE, VOL. 122, NO. 1, 10 JANUARY 2022 79

 
 

Figure 2. Schematic diagram of floor elevation along the N–S direction of (a) six-storey SMRF and (b) three-
storey brace frame (BF) structures. 
 

 

 
 

Figure 3. Mean and mean + SD acceleration response spectrum of the considered ground  
motions of hazard level: (a) 10% in 50 years and (b) 2% in 50 years. 

 
 
hazard levels of 2% in 50 years and 10% in 50 years were 
considered15,16,19. Details of these motions can be found 
in Somerville et al.19. For both hazard levels, Figure 3 
provides the mean response spectra (5% damping) of the  
motions along with the fundamental period range of the 
considered structures. 

Isolator model 

It is well known that LRB has a high initial stiffness (KInit) 
before yielding of the lead plug and a low post-yield 
stiffness (Kpy) due to the shear stiffness of rubber. Typi-
cal bilinear force–deformation behaviour of LRB (Figure 
4 b) was effectively modelled in OpenSees18 with ‘elas-
tomericBearingPlasticity’ element available in the library. 
The element was developed by specifying KInit in the local 
shear direction, the characteristic strength (Q) and post-
yield stiffness ratio of the linear hardening component 
(α). According to Datta3, and Skinner et al.20, the charac-
teristic strength (Q) of LRB is defined as 

 Init py( ),Q q K K= −  (1) 
 
where q is the yield displacement of LRB which depends 
on the height of the isolator. As KInit/Kpy ≈ 10–20 (ref. 3), 
the Q value of LRB is almost equal to its yield strength 
Fy. Hence, in this study, the characteristic strength of the 
bearing was assumed as Fy while modelling the bearing 
element. The post-yield stiffness of LRB (Kpy) leads to 
the post-yield isolation (fundamental) period Tb as 
 

 py2 / ,b RT M Kπ=  (2) 

 
in eq. (2), seismic mass MR = WR/g with WR being the total 
seismic weight on the bearing and g is the acceleration 
due to gravity. It may be noted that Tb, which is a repre-
sentation of post-yield stiffness, is not the effective isola-
tion period of the LRB isolated structures as usually defined 
in code provisions21. For bilinear isolators like LRB, the 
effective isolation period (Tbs) was assessed based on the 
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Figure 4. a, Four-storey SMRF with lead rubber bearing (LRB) under each column. b, Bi-linear behaviour of LRB 
with notations of the characteristic parameters. 

 
 
equivalent stiffness of both the initial (KInit) and post-
yield (Kpy) part depending on the design horizontal dis-
placement of the isolator ( )X 1,8. In the axial direction, the 
bearing is defined using an elastic uniaxial material object 
with the vertical stiffness (Kv) and equivalent viscous 
damping (Cv) expressed as3,8 
 

 2
v f py ,6K S K=  (3) 

 
 v v py2 ,RC M Kζ=  (4) 
 
where ζv denotes the corresponding damping ratio. The 
shape factor (Sf) of the elastomer is characterized as the 
proportion of rubber area free to expand to the total 
loaded rubber area. In this study a value of 16 was consi-
dered for the seismic isolation bearings, which satisfies 
the specified design constraint that the rubber compressi-
bility should be greater than 400 (refs 4, 8). Further, Fy was 
normalized with respect to WR as yF  (=Fy/WR), and Tb 
was normalized with respect to the fundamental period of 
the superstructure under fixed-base condition (Ts) as Tb/Ts 
for the subsequent analysis. The value of WR was obtained 
from the reaction force by performing the gravity load 
analysis of the building under a fixed-base condition. 

Rationale for considering inter-storey drift ratio as  
a performance parameter 

The optimization problem in Jangid10 was formulated by 
minimizing the force function f (ar, xb) involving both 
peak horizontal roof acceleration (PHRA) of the structure 
(normalized and expressed as the variable ar) as well as 
PBD (normalized and expressed as the variable xb). This 
was to evaluate the optimum y ,F  where both objectives 
(i.e. ar and xb) are functions of y .F  The problem state-
ment was given by Jangid10 as follows 
 
 py ,( , ) 2r b b rf a x Q K x Ma= + +  (5) 

the optimum yF  was evaluated by varying the fundamen-
tal time period of the superstructure. Further, the formula-
tion to optimize the isolators was given by Shinozuka et 
al.13 as follows 
 

 y y y .Minimize :  ( ) 1 )( (() )r bf F a F x Fβ β= + −  (6) 

 
The choice of weight factor (β ) in the previously men-
tioned approaches was according to the considered hazard 
levels of ground motions used for the study. However, no 
emphasis was given in these works to PIDR, which is an 
excellent structural performance indicator. 
 To justify the importance of IDR in the optimization 
process, a numerical investigation following the constant 
weight factor (CWF) approach was performed in the 
present study with the aforementioned SMRF structures 
(Figure 1). Figure 4 a is a schematic diagram of a four-
storey building having LRB as the isolator under each 
column. The steps adopted for the CWF approach were as 
follows: 
 (1) The mean and mean + SD estimations of PHRA, 
PIDR and PBD for a set of ground motions (representing a 
particular hazard level) were assessed for y0.02 F≤

 
0.3.≤  

These values were calculated for Tb/Ts of 2, 2.5 and 3 sec 
and q of 2.5 and 5 cm. The values of y ,F  Tb/Ts and q 
were adopted from Jangid10. 
 (2) The values of y( )f F  were calculated for each build-
ing from eq. (6) with β = 0.75 (as chosen by Shinozuka  
et al.13). 
 (3) The minimum value of y( )f F  was chosen and the 
corresponding values of y ,F  PHRA, PIDR and PBD were 
also determined. 
 Based on the CWF approach, the evaluated values of 
optimum yF  were plotted against Ts for all buildings for 
ground motions of hazard level 10% in 50 years (Figure 
5 a). For clarity of presentation, the points are joined by 
straight lines. Figure 5 b shows that the values of estimated 
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Figure 5. Variation of (a) optimum y,F  (b) mean + SD values of normalized peak horizontal roof acce-
leration (PHRA) and (c) peak inter-storey drift ratio (PIDR) for hazard level 10% in 50 years using con-
stant weight factor approach. 

 
 
PHRA, normalized with respect to PGA, are found to be 
within the range 0.40–1.15, which is significantly below 
the code-specified design acceleration profile17,21,22.  
 It may be noted that American Society of Civil Engi-
neers 2016 (ref. 21) specifies horizontal acceleration pro-
file along the height (i.e. 1 + 2z/h, where z/h represents 
the normalized floor height) to characterize the seismic 
demand of nonstructural components for design purpose. 
However, PIDR varies significantly within this range of 
Tb/Ts (Figure 5 c). In fact, the PIDR values for all struc-
tures are well above the yield PIDR value of these 
frames. This observation can also be ascertained from the 
nonlinear static pushover analysis of the four-storey 
frame, where the maximum PIDR value is obtained as 
2.66% against the yield roof displacement of 0.27 m. 
Therefore, it is clear that such an optimization scheme 
renders the isolator to be ineffective in reducing the vulne-
rability of the structure for ground motions of higher  
hazard levels as well. Furthermore, it is important to: (i) 
include PIDR as an objective and (ii) evaluate the effec-
tive range of Tb/Ts and q for an effective isolation design 
for such frame structures. 

Proposed optimization scheme 

Formulation 

The objective of this study was to evaluate the optimum 
yF  of LRB that maximizes the isolation efficiency (i.e. 

reduce the vulnerability of the structure and nonstructural 
components) while minimizing the peak isolator dis-
placement (i.e. reduce the damageability of the isolators). 
Ideally, the optimized design should cater to minimum 
economic loss arising due to seismic damage during the 
service life of any structure. However, estimation of  
annual economic loss (both direct and indirect) of a struc-
ture during its entire service life is a tedious process, 
which involves significant uncertainties in parameters 
such as site-specific hazards, intensity measures (IMs), 

engineering demand parameters (EDPs), damage measures 
(DMs), and item-wise cost estimate. Since the purpose of 
this study was to demonstrate the usefulness of variable 
weight factor approach, among others, for computational 
simplicity, we assume minimum economic loss for EDPs 
below DMs (taken as code-specified limits) and linear  
increment thereof. Further, for ease of computation, the 
cost associated with damage of structural, nonstructural 
components and isolators was assumed to be of the same 
order. This assumption eliminates the need of additional 
weight factors in the optimization problem. 
 To cover the damage of both structure and its nonstruc-
tural components, it may be desirable to include PHRA 
(as taken by previous researchers) as well as PIDR in the 
optimization scheme. However, as shown in the preced-
ing sub-section, the influence of PHRA on the optimal 
design of the isolator is not significant for the pre-
Northridge frames considered. Hence for those structures, 
the present study considers PIDR as the structural per-
formance parameter for optimum design of the isolator to 
simplify the optimization scheme, as will be demonstrated 
here. The results of nonlinear analyses show that the varia-
tions of both objectives (i.e. for PIDR and PBD) are almost 
contradictory in nature. An improvement in one can only 
be achieved at the expense of the other, which actually 
makes sense as flexible bearings (resulting in higher PBD) 
reduce force transfer to the structure (i.e. lower PIDR). 
Therefore, the associated bi-objective optimization pro-
blem can be formulated as an equivalent single-objective 
problem by incorporating a weight factor (β ) while con-
sidering yF  as the design variable. The formulation of 
the problem can be expressed as follows 
 

 y y yMinimize:  ( ) (1 ) ,( ) ( )r bf F d F x Fβ β= + −  (7) 
 

 ySubjected to :  0.02 0.3,F≤ ≤  (8) 
 
where y( )rd F  and y( ),bx F  both functions of y ,F  are the 
objectives of the optimal design problem, i.e. PIDR and 
PBD of the base isolated structure respectively. 
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 From eq. (7), the relative importance of one objective 
with respect to the other can be determined by the weight 
factor β. Since PIDR and PBD have different units and 
magnitudes, to incorporate their variations in the optimal 
design formulation as given in eq. (7), the values of PIDR 
and PBD are normalized with respect to their maximum 
values (within the selected range of y ,F  as mentioned in 
eq. (8)) to scale them appropriately between 0 and 1. 
Thus, eq. (7) can be rewritten as 
 
 y y y ,M (( ) (inimize: )( ) 1 )rn bnf F d F x Fβ β= + −  (9) 
 
 ySubjected to:  0.02 0.3,F≤ ≤  (10) 
 
where y( )rnd F  and y( )bnx F  represent the normalized val-
ues of PIDR and PBD respectively. 

Selection of weight factor 

Selection of proper β for the optimal design of the isolator 
is important as it determines the relative weight of one 
objective with respect to the other. Shinozuka et al.13 and 
Jangid10, selected β by trial and error method, assuming 
that one objective does not vary much with significant 
variation in the other objective. As shown earlier, the  
optimal LRB designed through CWF approach may not 
yield the desired performance under different ground  
motions. 
 Hence to overcome the limitations of the CWF  
approach, this study evaluates suitable β for each hazard 
level through total error minimization method. The term 
‘error’ here denotes the total deviation of the responses 
involved in both objectives with respect to their pre-
specified allowable limits. The underlying assumption of 
this approach is that the economic loss is minimum as 
long as the performance objectives are within their speci-
fied limits and the loss follows a linear trend once the indi-
vidual objectives exceed these limits. The economic loss 
due to damage of the superstructure (including secondary 
components) and isolator is assumed to be of the same 
order. Therefore, the present analysis puts a constraint on 
the total deviation due to both PIDR and PBD to avoid 
severe damage to the base-isolated structure. The total error 
for each hazard level is thus expressed as follows 
 
 PIDR PBD ,E E E= +  (11) 
 
where EPIDR and EPBD represent the error due to PIDR and 
PBD respectively, and are expressed as 
 

 
|lim

PIDR

|lim

0, if 

1, otherwise

r r

r

r

d d
dE

d

≤⎧
⎪= ⎨ −⎪
⎩

 (12) 
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PBD

|lim

0, if 
.1, otherwise

b b

b

b

x x
xE

x

≤⎧
⎪= ⎨ −⎪
⎩

 (13) 

 
The allowable limits of PIDR and PBD for a given hazard 
level are denoted as dr|lim and xb|lim respectively. Accord-
ing to FEMA-356 (ref. 23), for SMRF structures, the allow-
able limit of PIDR is taken as 0.7%, 2.5% and 5% for 
performance level of immediate occupancy (IO), life 
safety (LS) and collapse prevention (CP) respectively3. 
Similarly, the allowable range of PBD that satisfies the 
stability criteria for buckling/bulging for a given gravity 
load of the structures8 and the mean displacement response 
spectra of 2% in 50 years hazard level is around 0.5–
0.6 m. Therefore, the present analysis considers the limiting 
value of PBD as 0.5 m for all the LRB-isolated SMRF 
and BF structures. 
 The range of the other two characteristic parameters of 
LRB considered for optimal design (i.e. q and Tb/Ts) was 
chosen as 0.5 cm ≤ q ≤ 5 cm and 1 ≤ Tb/Ts ≤ 7. These 
specified lower and upper bounds were calculated by taking 
KInit/Kpy ≈ 10–20. These limits also satisfy the required 
design criteria for manufacturing and practical considera-
tions as mentioned in Datta3. The basic steps for the  
calculation of optimum yF  of LRB are as follows. 
 (1) The mean and mean + SD values of PIDR and PBD 
for a set of ground motions (representing a particular  
hazard level) were evaluated for 0.02 ≤ yF  ≤ 0.03. These 
values were calculated for a given value of Tb/Ts and q 
within their specified range. 
 (2) The mean + SD values of PIDR and PBD were 
normalized with respect to their maximum value to scale 
both the objectives between 0 and 1. 
 (3) The values of y( )f F  were evaluated using eq. (9) 
by varying the β values between 0.25 and 0.95, with an 
increment of 0.1. 
 (4) For each value of β, the minimum y( )f F  was selec-
ted and their corresponding values of y ,F  PIDR and PBD 
were determined. 
 (5) The total error of both the objectives (i.e. PIDR and 
PBD) with respect to their specified allowable limits was 
calculated based on eq. (11). 
 (6) The value of β giving the minimum value of total 
error was selected. yF  corresponding to this β value is 
the optimal normalized yield strength of LRB for the given 
value of Tb/Ts and q. The respective values of PIDR and 
PBD are the response of the base-isolated structure having 
optimum LRB. 
 (7) Aforementioned steps (1) to (6) were repeated for 
different values of Tb/Ts to evaluate the optimal y .F  Then 
the suitable range of Tb/Ts within the above-mentioned 
range was selected such that the total normalized error 
was within 5%. 
 (8) Steps (1) to (6) were again repeated for chosen  
values of q and Tb/Ts within their effective range and the 
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optimal yF  was calculated by varying the superstructure 
parameters such as flexibility and damping. 
 (9) Steps (1) to (8) were repeated for the hazard levels 
2% in 50 years (MCE) and 10% in 50 years (DBE)  
to evaluate the optimal y ,F  such that the corresponding 
objectives (i.e. PIDR and PBD) were within the specified 
allowable limits. 
 Finally, the total normalized error from the proposed 
approach was compared with that of the CWF approach 
for varying hazard levels to understand the robustness of 
the former. 

Optimal design 

Prior to optimal design, the four-storey (Ts = 0.74 sec) 
base-isolated structure (Figure 4 a) was analysed for an 
arbitrarily selected ground motion, i.e. LA27 from 2% in 
50 years of hazard level and considering Tb/Ts = 3.4 and 
q = 5 cm. Figure 6 a–c shows the time-history plots of 
ground acceleration for LA27 along with the base shear 
(normalized with respect to the total seismic weight of 
the frame) and bearing displacement. Three different  
values of yF  were considered. From Figure 6 b, one can 
notice that for all yF  values, the normalized base shear is 
reduced significantly in comparison to the fixed-base 
case, as expected. From Figure 6 c, it can be observed that 
with an increase in the rigidity of the isolator, i.e. increase 
in yF  from 0.1 (grey line) to 0.3 (thick black dash), PBD 
decreases from about 58 to 30 cm, while the reduction in 
peak base shear is negligible. Hence, it is important to  
optimize yF  while keeping the initial rigidity as well as 
other structural performance parameters in mind. 
 For optimal design, nonlinear time-history analyses of 
the four-storey base-isolated frame were performed to 
evaluate PIDR and PBD under all ground motions of 10%  
 
 

 
 

Figure 6. Time variation of (a) ground acceleration (LA27), and the 
corresponding (b) normalized base shear and (c) isolator displacement 
for different values of yield strength of LRB (Ts = 0.74 sec, Tb/Ts = 3.4 
and q = 5 cm). 

in 50 years and 2% in 50 years hazard levels. For differ-
ent values of yF  (between 0.02 and 0.3) and for 20 
ground motions of each hazard level, the mean and 
mean + SD values of PIDR and PBD were evaluated. 
This process was carried out for q = 0.5, 1, 2.5 and 5 cm. 
Figure 7 a and c shows the variation of mean + SD values 
of PIDR and PBD respectively, for 10% in 50 years of 
hazard level and for all q values considered. It can be  
observed from Figure 7 a that PIDR shows an initial  
decreasing trend before increasing as yF  increases. This 
initial decreasing trend is attributed to the high damping 
force when the velocity is large for smaller y .F  This can 
be explained due to the fact that force transfer to the su-
perstructure consists of damping and spring forces of the 
bearings. For smaller values of y ,F  the bearings render 
into nonlinear zone early and hence the velocity is more. 
Thus, the damping force transferred to the structure is 
greater compared to the spring force. However, for higher 
values of y ,F  the velocity of the bearing is not so high 
and the damping force transferred to the superstructure is 
nominal compared to the spring force transferred due to 
deformation of the bearing. This can be verified by plot-
ting the velocity time history of the bearings with respect 
to the ground (Figure 7 b) for y 0.01F =  (grey line), 0.04 
(blue line) and 0.10 (red dash). One can notice in this plot 
that as the yF  increases, the velocity decreases. Figure 
7 c shows the other objective, i.e. PBD, which decreases 
with an increase in yF  for all hazard levels. Further, from 
Figure 7 a and c, one can notice that with the increase in 
q from 0.5 to 5 cm, the values of both PIDR and PBD in-
crease in the considered range of y .F  Hence the lowest 
value of q, i.e. 0.5 cm is found to be effective and this 
value of q satisfies the specified range of KInit/Kpy ≈ 10 
(refs 3, 7). 
 

 
 

Figure 7. Variation of (a) PIDR and (c) PBD, and (b) velocity time 
history of isolator under ground motion LA01 (Ts = 0.74 sec and 
Tb/Ts = 3.4). 
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 In the proposed approach, the value of β corresponding 
to the minimum value of total error (as evaluated from 
eq. (11)) has been considered for formulation. Hence, the 
individual errors due to each objective (from eqs (12) and 
(13)) are plotted in Figure 8 a and b for β values varying 
between 0.25 and 0.95, Tb/Ts = 5.33 and 2 respectively, 
and for ground motions of hazard level 2% in 50 years. 
The results show that the error is basically due to PBD 
for Tb/Ts = 5.33 (Figure 8 a), whereas for Tb/Ts = 2, the 
error is due to PIDR (Figure 8 b). For hazard level 10% in 
50 years, the error is primarily due to PIDR and for high-
er values of Tb/Ts, both the objectives are within their 
specified limits. Therefore, the effective range of Tb/Ts 
for the chosen value q should be assessed prior to evalua-
tion of optimum y .F  

Effective range of post-yield isolation period 

As mentioned earlier, the estimations of PIDR are already 
above the FEMA-356 (ref. 23) specified allowable limit  
 
 

 
 

Figure 8. Estimated values of normalized error due to PIDR and PBD 
with β for ground motions of 2% in 50 years hazard level (Ts = 0.74 sec 
and q = 0.5 cm). 
 

 
 

Figure 9. Variation of optimum yF  for a four-storey stiff frame us-
ing (a) variable and (b) constant weight factor approach (q = 0.5 cm). 

for the values of q and Tb considered in the study of  
Jangid10. To avoid this situation (where structural drift  
exceeds the allowable limit) in the optimization process, 
the effective range of Tb/Ts needs to be assessed before 
computing the optimal y .F  Thus, for different values of 
Tb/Ts between 1 and 7, the optimum yF  was evaluated for 
the four-storey stiff frame (taking q = 0.5 cm and steps as 
mentioned earlier) and is shown in Figure 9 a for both ha-
zard levels. It is observed that the optimum yF  generally 
decreases with increase in the flexibility of LRB, and has 
larger values for ground motions of higher hazard levels. 
To compare these results with those of the CWF approach, 
a constant β value of 0.75 was considered in eq. (9).  
Figure 9 b shows the calculated values of optimal yF . 
One can notice that for Tb/Ts ≥ 3.5, the variation of opti-
mum yF

 
becomes almost insensitive and has nearly simi-

lar values for both hazard levels. 
 In order to study the effectiveness of the proposed  
approach, the normalized error corresponding to the pro-
posed and CWF approaches is shown in Figure 10 a and b 
respectively. For the 2% in 50 years case, the effective 
range of Tb/Ts is between 3.25 and 5.75 as the total error 
is within 5%. This range is large (i.e. 2–7) for ground 
motions of 10% in 50 years hazard level (Figure 10 a). 
On the contrary, one can notice from Figure 10 b that no 
such effective range is found for 2% in 50 years hazard 
level, while for the 10% in 50 years case the effective 
range is less (i.e. 4–7) compared to the proposed approach. 
Further analysis reveals that that CWF approach results in 
considerable total error (approx. 60–75% higher than that 
of the proposed approach) for both hazard levels. The 
values of Tb/Ts considered for further calculations are 
somewhere in the range 3.25–5.75, as the total deviation 
of PIDR and PBD with respect to their specified limits is 
within 0–5%. As explained earlier, the values of β asse-
ssed using the proposed approach capture the relative im-
portance of one objective with respect to the other for 
both hazard levels. 
 
 
 

 
 

Figure 10. Variation of normalized error for a four-storey stiff frame 
using (a) variable and (b) constant weight factor approach (q = 0.5 cm). 
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Table 2. Variation of optimum yF  with the corresponding values of objectives, i.e. PBD and peak inter-storey
  drift ratio (PIDR) using variable weight factor approach for both hazard levels 

  Optimal yF  PIDR (%) PBD (m) 
 

Frame 
Column 1 

Ts 
Column 2 

Tb/Ts = 4 
Column 3 

Tb/Ts = 6
Column 4

Tb/Ts = 4 
Column 5 

Tb/Ts = 6 
Column 6 

Tb/Ts = 4  
Column 7 

Tb/Ts = 6  
Column 8 

 

10% in 50 years        
 Four-storey 0.73 0.08 0.06 1.72 1.27 0.23 0.30 
 Eight-storey 1.18 0.05 0.03 1.45 1.12 0.28 0.32 
 Sixteen-storey 1.85 0.03 0.02 1.49 0.97 0.32 0.37 
 Six-storey 1.17 0.06 0.05 2.50 2.38 0.29 0.32 
 Three-storey (BF) 0.66 0.08 0.06 1.91 1.85 0.34 0.36 

2% in 50 years        
 Four-storey 0.73 0.22 0.16 4.7 4.5 0.41 0.47 
 Eight-storey 1.18 0.14 0.12 2.57 2.29 0.43 0.45 
 Sixteen-storey 1.85 0.16 0.15 2.97 3.21 0.40 0.43 
 Six-storey 1.17 0.13 0.10 5.02 4.62 0.45 0.52 
 Three-storey (BF) 0.66 0.19 0.18 3.89 3.78 0.46 0.47 

 
 

 
 

Figure 11. Mean + SD estimation of normalized PHFA of four-
storey, eight-storey and sixteen-storey stiff SMRF structures with the 
code21 specified allowable limits. 

Optimum yield strength 

The optimum yield strength of LRB was evaluated using 
the proposed approach for the considered pre-Northridge 
and contemporary code-designed structures. Table 2 shows 
the calculated values of optimum y ,F  PBD and PIDR for 
both hazard levels (for Tb/Ts = 4 and 6). The major find-
ings from this study are as follows 
 
• For a given type of frame of the pre-Northridge struc-

tures, with an increase in the number of storeys, the 
value of optimum yF  decreases (see columns 3 and 4 
in Table 2). This implies that a less stiff isolator is ef-
fective as the force transferred to the superstructure 
reduces. 

• For the six-storey frame, the optimum yF  of LRB us-
ing the variable weight factor approach is effective in 
restricting the total error within 5% for both hazard le-
vels. The effective isolation periods for this optimally 
designed isolated frame are: (i) 3.19 sec (Tb/Ts = 4) 

and 3.48 sec (Tb/Ts = 6) for 10% in 50 years and (ii) 
3.55 sec (Tb/Ts = 4) and 3.77 sec (Tb/Ts = 6) for 2% in 
50 years hazard levels. 

• For the three-storey BF structure, the LRB designed 
using the proposed approach is effective in reducing 
the structural responses with respect to the fixed-base 
outcomes and the specified damage parameters are 
well within the specified allowable limits. The effec-
tive isolation periods for this optimally designed iso-
lated frame are: (i) 2.77 sec (Tb/Ts = 4) and 3.05 sec 
(Tb/Ts = 6) for 10% in 50 years and (ii) 2.91 sec 
(Tb/Ts = 4) and 3.18 sec (Tb/Ts = 6) for 2% in 50 years 
hazard levels. 

• By comparing the optimum yF  for both 10% and 2% 
in 50 years hazard levels, it can be concluded that 
LRB with higher yF  is required to keep the structural 
(see columns 5 and 6 in Table 2) and isolator (see col-
umns 7 and 8 in Table 2) parameters within the speci-
fied allowable limits of underground motions of 
higher intensity hazard levels. 

 
The aforementioned points demonstrate that the proposed 
approach provides an efficient solution under varying  
hazard levels. 

PHFA distribution for optimal cases 

It is widely known that the behaviour of acceleration-
sensitive secondary structures (often known as non-struc-
tural components/elements) appended to any floor of a 
building are characterized by the acceleration time history 
of that floor4,21. Hence, it is important to understand the 
distribution of PHFA in the case of optimal LRB (having 

yF  for Tb/Ts = 4 as given in Table 2) isolated frames with 
that of the code-specified design acceleration pro-
file17,21,22. For this, the mean and mean + SD estimations 
of PHFA for each floor of the considered pre-Northridge 



RESEARCH ARTICLES 
 

CURRENT SCIENCE, VOL. 122, NO. 1, 10 JANUARY 2022 86

and contemporary code-designed structures with flexible 
base are evaluated. Figure 11 presents the mean + SD 
values of normalized PHFA for all pre-Northridge SMRF 
structures along with the ASCE-specified21 design accele-
ration profile for floor acceleration. It may be noted that 
the distribution of normalized PHFA is well within the 
code-specified design distribution. 

Conclusion 

In this study we provide an approach to evaluate the  
optimal yield strength of LRB that is effective under ground 
motions of varying hazard levels. This has been achieved 
by taking code-specified performance objectives corres-
ponding to each hazard level in the optimization formula-
tion. In addition, a variable weight factor approach is 
proposed by giving proper weight to one objective with 
respect to the other, such that multiple performance objec-
tives can be targeted. The proposed variable weight factor 
approach with the concept of minimization of total error 
is effective in the selection of optimal yield strength of 
LRB. Such effectiveness may be difficult to achieve  
for the conventional CWF approach. The LRB designed 
using the proposed approach is also effective in reducing 
the vulnerability of acceleration-sensitive non-structural 
components/elements appended to the frames, and struc-
tural members of both pre-Northridge and two contempo-
rary code-designed structures. 
 The findings of this study, however, are limited to the 
parameter space, particularly, in terms of quantitative  
results (i.e. number and type of building, ground motion, 
isolator period, etc.) considered herein. 
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