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Reliability-based assessment of doubly
reinforced beams for limit state of collapse
Anadee M. Kulkarni* and Debarati Datta*
Department of Applied Mechanics, Visvesvaraya National Institute of Technology, Nagpur 440 010, India

This study examines the reliability levels of doubly
reinforced beams designed according to the Indian
standard code for plain and reinforced concrete
(IS456:2000). Mathematical models were developed
for limit state of collapse for flexure and shear according to IS456:2000. The resistance was expressed in the
form of limit state of equations and the random
variables identified were grade of concrete and grade
of steel. The significant load variables considered were
dead load and live load. Reliability indices were
evaluated using first order reliability method. The
analysis was carried out on beams designed for different live load intensities. The effect of reinforcement
bar diameter and the effect of limit state equations on
the reliability indices were evaluated. The results
obtained were compared with international standards.
This study evaluates the IS456:2000 provision for
beam design from the probabilistic and risk-based
analysis point of view. Accordingly, some suggestions
have been made for setting the target reliability levels
for IS456:2000. This analysis aims to initiate the basic
application of reliability to design methodology of the
code.
Keywords: Beams, flexure, reinforced concrete, reliability indices, shear.
THE reliability of a system or component is the probability of performing its function over a given period of its
design life. In recent times, probabilistic analysis or reliability analysis is increasingly being applied in the field
of structural engineering. The study of source of randomness in structures has been the main focus in structural
engineering, which includes the variability of resistance
and loads. This has led to many design guidelines and
codes being modified to incorporate reliability-based
analysis and design. European design code (Eurocode 2)1
has been evaluated for the calculation of safety margin
and estimate the target reliability levels of reinforced
concrete (RC) structures such as beam and column, for
the limit state of collapse2. For the Australian and US
codes, target reliability index is suggested for serviceability reliabilities for structural steel beams in flexure3. A
number of serviceability issues related mainly to exces*For correspondence. (e-mail: anadee4mk@gmail.com;
debaratidatta@apm.vnit.ac.in)
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sive deflection of structural floor elements such as beams
and columns, and field data for serviceability damage
have been studied4. Studies have examined the reliability
of beams exposed to fire5–7, since RC structures are
vulnerable to high temperature conditions such as those
during fire. Also, probabilistic studies for limit state of
serviceability of RC beams and steel beams have been
carried out4,8–13. Reliability of corroded RC beams and
columns was reviewed and parametric studies on the serviceability and collapse limit states were done, and the
effect on various parameters was observed14. Reliabilitybased methodology is also being used in assessing damages in RC structures using statistics of random variables
in the limit state functions15. The probabilistic concept
was applied to Indian code specifications on RC beams
for exposure to fire6, after designing it according to the
limit state design method using IS456:2000 (ref. 16). Reliability analysis of RC beams with respect to limit state
of crack width under different loading conditions was
carried out using Monte Carlo technique17.
For Indian code IS456:2000, reliability analysis of RC
beams was carried out using first order reliability method
(FORM)18, in which important random variables associated with the limit state of flexure and shear were identified. The beams were designed as simply supported,
singly reinforced beams (SRBs) for different spans and
for dead load and live load, according to IS456:2000. The
random variables were identified as grade of steel, grade
of concrete, dead load and live load. From FORM analysis, sensitivity of the random variables associated with
the limit state functions was assessed and its effect on the
reliability index values was estimated. The grade of concrete and dead load were the least significant variables
(of the four random variables identified) in limit state of
flexure while evaluating the reliability index values.
Similarly in limit state of shear (among the three random
variables identified), dead load had a minimalistic effect
on the reliability index values. The literature is just
limited to the assessment of sensitivity of the random
variables and does not provide the target reliability
levels. The study by Kulkarni and Datta18, regarding the
importance of random variables in the limit state functions can be further expanded and target reliability levels
can be achieved for RC beams using reliability analysis.
The application of risk and reliability in the analysis
and design of structural systems is thus popular for
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updating codes of practice in Europe and America. In
IS456:2000, the randomness and uncertainty of loads
coming on the structural element are taken into account
by characteristic loads. Similarly, material uncertainty is
addressed by defining characteristic strength. The safety
of structure is ensured by partial safety factor for loads
and materials. In order to incorporate the risk and reliability factor in the Indian design guidelines, limited
studies are available in the literature for a clear understanding of the subject and its application to the design
methodology. The Indian Standard code for plain and RC
(IS456:2000) needs to be updated to reliability-based design approach. Thus, the present study deals with the basic concept of design of doubly reinforced beams (DRBs)
with the application of reliability analysis for the limit
state of collapse.
The study aims to determine the reliability levels of
DRBs when subjected to dead load and live load with different intensities. This will help determine the reliability
index values for DRBs and will thus lead towards setting
the target reliability levels which are lacking in the Indian
code (IS456:2000) for the design. The effect of the rebar
diameter on reliability index is also examined. Values obtained in this analysis are compared made with those in
the literature, and conclusions are drawn. The limit state
equations for flexure and shear for DRBs are developed
and statistical data is obtained. The DRBs are designed
for different intensities of loadings and reliability analysis
is performed. FORM is used for the reliability analysis,
and from the analysis a reliability level is proposed. Suggestions regarding the introduction of reliability index
levels have also been proposed.

Figure 1 shows the different configurations for loading
under consideration. Table 1 shows the loads acting on
the slab panel19–21.
For calculation of loads on the beams, the slab panel
was first designed according to the provisions of
IS456:2000 and using the parameters shown in Table 2.
For the slab panel, it was assumed that the slab is simply
supported. The span of the slabs was 4, 4.5, 5, 5.5 and
6 m. The overall thickness of the slab was taken as
span/25, conforming to IS456:2000. The slab is acted by
live load (residential/commercial) and floor finish. The
slab panels have been designed for residential as well as
commercial load (Table 1). The slab panel once designed,
its load can be applied to the beam. The beams have been
designed according to the provisions of IS456:2000 and
using the parameters shown in Table 3. By keeping the
practical aspects for the design, width of the beam to

Design of DRBs
The DRBs are designed by following the provisions of
IS456:2000 for different spans, that is, following the limit
state method (LSM), or load and resistance factor design
(LRFD) method. The end conditions for the beam design
are assumed as simple support. The loading on the beam
is initially divided into two loads, viz. residential and
commercial. The loads are used without considering the
load factors. These loads act on the slabs and through the
slabs (loads which include residential/commercial load
and self-weight of slab) they are applied on the beams.
Along with slab load, the self-weight of beam and wall
load are also taken on the beam. The wall load is calculated
by assuming 230 mm thick brick wall, 12 mm plaster on
both sides and 3 m height with 300 mm depth of beam for
the upper floor, irrespective of exterior or interior beam.
The loads acting on the beam are broadly classified
into four categories: (a) Slab from one side (exterior
beam; L1). (b) Slab from two sides (interior beam; L2).
(c) Slab from one side with wall load (L3). (d) Slab from
two sides with wall load (L4).
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Figure 1. Plan diagrams for the different load scenarios under consideration. a, Slab from one side (exterior beam; L1). b, Slab from two
sides (interior beam; L2). c, Slab from one side with wall load (L3).
d, Slab from two sides with wall load (L4).

Table 1.
Load type
Live load (residential)
Live load (commercial)
Floor finish

Table 2.

Loads acting on the slab panel
Load (kN/m2)

Reference

2
4
1

19
19, 20
20, 21

Parameters for the design of
slab panel

Parameter
Grade of concrete ( fc)
Grade of steel ( fy)
Density of concrete
Slab cover
Initial rebar diameter

Value
25 MPa
415 MPa
25 kN/m3
15 mm
10 mm
945
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Figure 2.

Table 3.

Illustration of steel beam theory.

Parameters for the design of doubly reinforced beams

Parameter
Grade of concrete ( fc)
Grade of steel ( fy)
Density of concrete
Nominal beam cover
(mild conditions)
Rebar diameters
Stirrups
Spacing of stirrups (sv)

Value
25 MPa
415 MPa
25 kN/m3
20 mm
12, 16, 20, 25, 30, 32 mm
Two-legged, 8 mm diameter
0.75 d or 300 mm, whichever is less

overall depth ratio (b/D) was maintained between 0.5 and
0.67 (ref. 22).
DRBs are used wherever there is constraint of space. In
such cases, the dimensions of the beams are to be
restricted. Therefore, some restrictions have been
assumed for the design. The width of the beam was
200 mm and depth 300, 350 and 400 mm. The DRBs
were also checked for serviceability criteria according to
the provisions of IS456:2000. Thus, if the beams did not
satisfy the deflection check, the depth of the beams was
increased. The beams were subjected to different load intensities and designed according to the provisions of the
IS code. Initially the beams were designed for lengths of
4, 4.5, 5, 5.5 and 6 m, and classified as SRBs or DRBs.
Only the DRBs were selected and limit state functions are
developed for the designed beams (for each loading condition) for reliability analysis.

Limit state of flexure
The behaviour of RC beams with compression steel for
ultimate load design is referred to as the steel beam
theory (Figure 2). The real beam is assumed to consist of
two beams, namely an SRB which reaches its ultimate
strength by failure of concrete in compression, and a steel
946

beam without any concrete but only compression and tension steel (Figure 2). The moment of resistance of a DRB
will be the sum of moment of the resistance of the two
beams, as shown in eq. (1). The FORM methodology
used is explained in Appendix 1.

M u = M u lim + M u 2 ,

(1)

g ( x) = M u lim + M u 2 − M u = 0.

(2)

Equation (2) is equal to zero, since Ast (provided) is equal
to Ast (required) and Asc (provided) is equal to Asc
(required). Mu lim (or Mu1) is the limiting moment of resistance which gives the reinforcement for a SRB (Ast lim) for
tension, Mu2 is the moment of resistance due to compression because of equal and opposite compression and tension forces, and gives the compression as well as tension
steel (Asc and Ast2) to balance the section. Therefore, the
total steel in tension will be (Ast = Ast lim + Ast2).

M u lim = 0.138 fc bd 2 (for Fe415 steel),

(3)

M u 2 = Ast2 (0.87 f y )(d − d ′),

(4)

where ݀′ is the effective cover of concrete for the compression zone.

Asc ( fsc ) = Ast2 (0.87 f y ),

(5)

where fsc is stress in compression steel reinforcement.
Equations (4) and (5) can be used to get Asc and Asc2.
SP16 gives the values of fsc for different values of (d ′/d)
for Fe415 grade of steel23; for the calculation of  ܿݏܣthere
is negligible difference for different values of fsc. Therefore, the value of fsc has been assumed as 353 N/mm2.
The random variables identified were grade of concrete,
grade of steel, live load and dead load for limit state of
flexure.
CURRENT SCIENCE, VOL. 119, NO. 6, 25 SEPTEMBER 2020
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Limit state of shear
Resistance against shear for beam (IS456:2000) is given by
VR = τ c bd + Vus ,

(6)

where τc is shear strength of concrete and is calculated
according to IS456:2000. Vus is the shear resistance given
by shear reinforcement.

Vus =

f y Asv d
sv

,

(7)

where sv is the spacing of stirrups and Asv is the area of
shear reinforcement.
Shear force due to external load is calculated as
Vs =

( wl + wd )
l.
2

Reliability analysis
The reliability analysis has been divided in two main sections: (i) reliability analysis for limit state of flexure, and
(ii) reliability analysis for limit state of shear. In these
sections, the work is again divided according to the loading acting on the beam, viz. residential load and commercial load (Table 1). According to the loading, the beams
have been designed using specifications of IS456:2000.
The failure functions were developed based on Indian
codes and the literature6,16,24.

Statistical data
For Indian conditions, statistical data for material properties and loadings are given in Ranganathan24 and Balaji et
al.6. Table 4 provides the statistical data for material
properties and loadings of the beam under consideration.

Reliability analysis for limit state of flexure
Limit state equation of flexure for DRBs is given by eq.
(9) (ref. 6). This equation is based on ACI 318-2005 (ref.
Statistical distribution of random variables of the beam6,24
Parameter
Variables

Distribution type

Mean

COV

fy (MPa)
fc (MPa)
wl (kN/m)

Normal
Normal
Extreme largest, type-1
(Gumble Max)
Normal

468.9
30.28
10

0.05
0.145
0.3

5 + self weight

0.05

wd (kN/m)

g ( x) = f y Ast (d − d ′) + ( Ast − Asc ) f y
Ast f y ⎞ ( wl + wd ) 2
⎛
× ⎜d −
l ,
⎟−
1.7 f c b ⎠
8
⎝

(8)

The random variables identified were grade of steel, live
load and dead load for limit state of shear.

Table 4.

25), which considers equivalent stress block distribution
(stress block) to replace the more exact concrete stress
distribution. In equivalent stress block, average stress of
0.85fc is used with a rectangle. Whereas IS456:2000 uses
the stress block distribution by considering it to be in two
sections, as rectangle and parabolic. By considering the
average stress of 0.85fc for the rectangular block, eq. (2)
is reduced to eq. (9) and is used as limit state equation for
flexure for DRBs. Equation (9) is derived after the removal of all the factors of safety for grade of concrete
and steel.

fy, Grade of steel; fc, Grade of concrete; wl, Live load; wd, Dead load.
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Ast1 =

Pt lim bd
,
100

(9)

(10)

where pt lim is the percentage of steel due to tension for
balanced section. According to SP16, pt lim is 1.19% for
M25 and Fe415.
FORM was used for analysis with the software package COMREL (version 9)9,26. Accordingly, the results of
the reliability analysis were obtained. Figures 3 and 4
show the effect of reinforcement bar diameter on the reliability indices.
From Figures 3 and 4, it can be observed that DRBs
designed for residential load and commercial load with
varying load intensities are highly safe for limit state of
flexure. For some beam lengths and load cases, there are
no curves, indicating that the beams for those cases are
SRBs. For L = 4 m in residential as well as commercial
load cases, the beams are SRBs. Similarly, for some
lengths, only L3 and L4 cases are present as for L1 and
L2 cases; the beams designed are SRBs.
For L1 case, the reliability index values are less when
compared to the L4 case. The reason is that due to
increase in loading, the beam section size increases along
with steel reinforcement when designed according to
IS456:2000. Thus, the reliability index values also
increase, indicating that the beams are safe for higher
loading. The values of reliability index fluctuate as there
is lack of any specific reliability level mentioned in the
code for the design.

Reliability analysis for limit state of shear
Failure function for limit state of collapse with respect to
shear using eqs (6)–(8) is given by eq. (11), which is
derived after removal of all the factors of safety for grade
of steel.

g ( x) = τ c bd +

f y Asv d
sv

−

( wl + wd )
l.
2

(11)
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Figure 3.

Effect of bar diameter on reliability index (residential load) for flexure (DRBs).

Figure 4.

Effect of bar diameter on reliability index (commercial load) for flexure (DRBs).
CURRENT SCIENCE, VOL. 119, NO. 6, 25 SEPTEMBER 2020

RESEARCH ARTICLES

Figure 5.

Effect of bar diameter on reliability index (residential load) for shear (DRBs).

Figure 6.

Effect of bar diameter on reliability index (commercial load) for shear (DRBs).
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Accordingly, results for the reliability analysis are
obtained. Using these results, the effect of reinforcement
bar diameter is studied on the reliability indices (Figures
5 and 6).
As for flexure, in shear also initially during the designing process, according to the different load intensities
applied, the beams are classified as SRBs or DRBs. For
DRBs, reliability analysis is carried out according to the
limit state equations for shear.
Figures 5 and 6 show that for different types of loading
for limit state of shear, the reliability index values change
for beams designed according to IS456:2000. When the
loads are changed, the reliability index values also
change. If the loads are increased (in case of L1 to L2),
then the beams designed are safer (higher index values)
in L2 as compared to L1, as the index values are more in
L2 loading condition. In case of limit state of shear also,
the values of reliability index fluctuate as there is lack of
any specific reliability level mentioned in the code for the
design.

Table 6. Percentage change for
flexure (commercial; DRBs)
Length (m)
4

L3
L4

0.32
0.23

4.5

L3
L4

7.33
5.68

5

L2
L3
L4
L4

6.72
5.80
4.48
3.19

5.5

L1
L2
L3
L4

10.28
5.08
5.25
3.83

6

L1
L2
L3
L4

7.45
4.13
4.41
3.19

Effect of rebar diameter

Table 7.

The effect of change of rebar diameter on the reliability
indices is discussed here. For each load variation, that is,
for residential and commercial with different intensities
(L1, L2, L3 and L4 cases), rebar diameter of tension reinforcement was varied from 12 mm and 32 mm for lengths
4 m to 6 m. This was done to check the effect of rebar diameter on the reliability indices. This is because with
change in rebar diameter there is change in the effective
depth of the beam section, which leads to change in the
area of tension and compression reinforcement. Therefore, for each change in rebar diameter, there will be a
new value of reliability index as there will be changes in
the limit state equations. Tables 5–8 show percentage
change (with respect to 12 mm) in reliability indices for
change in diameter from 12 mm and 32 mm only, that is,
for the minimum and maximum rebar diameter used for
the design, for residential as well as commercial loadings
for limit state of flexure and shear.

Length (m)

Table

5. Percentage change
flexure (residential; DRBs)

Length (m)

Load type

% Change

L4
L2
L3
L4

6.21
7.88
7.27
4.89

5.5

L2
L3
L4

5.90
5.82
4.27

6

L2
L3
L4

4.65
6.00
3.54

4.5
5

950

for

Load type % Change

Percentage change for shear
(residential; DRBs)
Load type

% Change

4.5

L4

3.24

5

L2
L3
L4

3.59
3.48
2.84

5.5

L2
L3
L4

3.12
3.12
2.98

6

L2
L3
L4

2.71
2.72
2.55

Table 8. Percentage change for
shear (commercial; DRBs)
Length (m)

Load type % Change

4

L3
L4

2.22
2.18

4.5

L3
L4

3.31
3.18

5

L2
L3
L4

3.48
2.96
2.80

5.5

L1
L2
L3
L4

3.95
3.07
3.08
2.94

6

L1
L2
L3
L4

3.46
2.65
2.68
2.43
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From Tables 5–8 it can be observed that percentage
change in reliability indices is negligible (below 10),
when diameter of rebar is changed from 12 to 32 mm.
Thus, the effect of rebar diameter is a less significant
factor in the limit state equations and its effect can be
ignored during reliability analysis.

Effect of limit state equations on reliability indices
for DRBs
The reliability analysis was carried out for limit state of
flexure and limit state of shear. In the former, the variables were grade of concrete, grade of steel and dead
load and live load. Whereas in the latter, all the above
variables were present, except grade of concrete. We
estimated percentage change in the values of reliability
indices for shear with respect to limit state of flexure.
This is done to give an idea, if the reliability indices in
limit state of flexure are calculated, then where an average percentage value of the reliability index in limit state
of shear will lie. The average percentage change in the
index values for the study was 20.58. This will provide an
estimate of the index values for limit state of shear when
those for the limit state of flexure are calculated. Table 9
shows the average percentage change for residential as
well as commercial loading according to the length of
beam.

Critical observations for reliability index values
The total number of beams designed was 480. The beams
were classified as SRBs or DRBs. It was observed that
306 beams were DRBs and these were analysed for reliability using FORM. From the number of index values,
statistical analysis was carried out in order to estimate
target levels for the Indian Standard. Table 10 shows various parameters related to the index values obtained from
the analysis. The values shown are irrespective of the
type of loading and intensity.
It is clear from Table 10 that the standard deviation
values are low, indicating that there is less dispersion of
the values. Table 11 shows the values of target reliability
adopted by various international codes for RC design of

Table 9. Percentage change for limit
state of flexure and shear (residential and
commercial; DRBs)
Length (m)
4
4.5
5
5.5
6
Average

% Change
6.96
18.31
20.49
25.46
31.68
20.58
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members according to LRFD or LSM for limit state of
collapse.
Thus, for setting the target reliability levels for
IS456:2000, a comparison was made with similar parameters in international standards and codes. The values
obtained in this study (average β is 5.09) are slightly
higher when compared with the maximum value of 4.3
proposed by CEN (2002)1 and ISO 13822 (2010)27, as
higher index may have an impact on the overall construction cost of the members. Therefore, in order to match the
international standards, a moderate value of 4 has been
proposed as the target reliability level for the design.

Summary of results
• For change in rebar diameter from 12 mm and 32 mm
for lengths 4–6 m for limit state of flexure, the change in
reliability index is negligible. It is found out that the
average percentage change in reliability index values is
5.02.
• For change in rebar diameter from 12 mm and 32 mm
for lengths 4–6 m for limit state of shear, the change in
reliability index is negligible. It is found out that the average percentage change in reliability index values is
2.96.
• The percentage change in reliability index values for
shear with respect to limit state of flexure is 20.58. If the
values of index for limit state of flexure are known, then
we can estimate the values for limit state of shear.
• From the overall analysis irrespective of loading conditions, the minimum value of reliability index in the limit
state of flexure is 4.11 and maximum value is 7.30, and for
limit state of shear it is 3.51 and 6.7 respectively. Thus, the
values are highly fluctuating and lack of uniformity.
• With increasing load on the beams, that is from L1 to
L2, L1 to L3 or L3 to L4, they had higher reliability

Table 10.

Statistical analysis of reliability index values for DRBs

Parameters

Values

Average β in limit state of flexure
Average β in limit state of shear
Overall average β
Standard deviation of β in limit state of flexure
Standard deviation of β in limit state of shear
Overall standard deviation of β

5.70
4.48
5.09
0.82
0.79
1.01

β, Reliability index.
Table 11. Target reliability indices for limit state
of collapse in various codes and standards
Code
ACI (2011)25
Chinese standards (2011)28
CEN (2002)1
ISO 13822 (2010)27

Target reliability index
2.5–4
2.7–4.2
3.3, 3.8 or 4.3
2.3–4.3
951
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indices indicating that the beams are safe for higher loads
as the designed sections had more load-carrying capacity.
This is observed in both the limit state functions of flexure and shear. Similarly, when loading cases of L2 and L4
are compared, the beams are more safe in L4 than L2.
This is because of increased moments, which lead to
higher section size and more reinforcement steel in the
beams. Thus the beams have higher reliability indices.
• In most of the cases it was observed that the beams
are safe (higher reliability index) in case of limit state of
flexure than limit state of shear.

Conclusion
Reliability analysis was carried out for DRBs designed
according to the provisions of IS456:2000. The beams
were designed for different load intensities and load scenarios. It was observed that the rebar diameter had a negligible effect on the reliability index for limit state of
flexure and shear, and thus the effect of rebar diameter
can be considered as a passive variable here. When the
beams are designed according to the provisions of
IS456:2000, there are disparities in the reliability index
values for limit state of flexure and shear. The code does
not mention the target reliability levels when compared
with international codes and standards, which mention
reliability index values between 2.3 and 4.3 for limit state
design of RC concrete members. The specification of
target values for the design of beams according to
IS456:2000, will lead to uniformity in the design and can
serve as a proof check for the design process. There is the
need for specification of these levels, as low reliability
levels can result in problems (e.g. collapse, cracking,
vibration) and high reliability levels can prove expensive.
From the study, and taking into consideration the results
for reliability indices obtained for DRBs, we propose a
target reliability index value of 4 for DRB design in
accordance with international standards. This is a small
step to the introduction of reliability levels in the Indian
code design specifications, and more measures are necessary for the introduction of risk and reliability. The next
process can be identification of reliability classes as in
CEN (2002)1 and for each class according to reference
period, minimum values of reliability index can be
defined.

Appendix 1.
FORM methodology

Reliability analysis is defined as a probabilistic approach
to determine safety level of a system or structure to perform its functions under given conditions. The basic step
for the reliability analysis using first order reliability
method (FORM) is the formulation of failure functions
952

based on various failure criteria using the relevant load
and resistance parameters, known as variables Xi, in the
form of g(x) = R – S, where R is the resistance and S is
the action, and can be represented as follows
Z = g(X1, X2, …, Xn).

(A1)

The failure function or limit state of interest can then be
defined as Z = 0. This is the boundary between the safe
and unsafe regions in the design parameter space, and it
also represents a state beyond which a structure or component can no longer fulfil the function for which it was
designed.
⎛ ∂g ⎞*
⎟
⎝ i⎠ ,

n

∑ xi* ⎜ ∂X

β = − i =1

2
⎛ ∂g ⎞ *
⎜
⎟
∑ ∂X
i ⎠
i =1 ⎝

(A2)

n

where (∂g/∂Xi)* is the ith partial derivative evaluated at
the design point with coordinates ( x1* , x2* ,..., xn* ). The design point is given by

xi* = −αi β ,

(A3)

where

αi =

⎛ ∂g
⎜
⎝ ∂X i

⎞*
⎟
⎠

2
⎛ ∂g ⎞ *
∑ ⎜ ∂X ⎟
i ⎠
i =1 ⎝

,

(A4)

n

where αi are the direction cosines which give the sensitivity of the random variables in the limit state equation.
By knowing the sensitivity, the number of random
variables can be reduced. Using eq. (A3), design point is
given by
xi* = μ xi − α iσ xi β .

(A5)

Following are the steps to evaluate β for a limit state equation:
Step 1. Define an appropriate limit state function.
Step 2. Assume initial values of design point xi* .
Step 3. Evaluate (∂g/∂Xi)* and αi at xi* .
Step 4. Obtain a new design point xi* in terms of β as
in eq. (A3).
Step 5. Substitute the new xi* in limit state equation
g ( xi* ) = 0 and solve for β.
Step 6. Using the β value obtained in step 5, reevaluate xi* = −αi β .
Step 7. Repeat steps 3 through 6 until β converges.
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The probability of failure in terms of reliability index β is
given as follows
pf = Φ(− β ) = 1 − Φ( β ),

(A6)

where Φ is the cumulative distribution function of the
standard normal variate. Alternatively, pf is the same as
given below when failure occurs (Z < 0)

pf = ∫ ...

∫

f X ( x1 , x2 ,..., xn )dx1dx2 ...dxn ,

(A7)

g ( ) <0

In which f X ( x1 , x2 ,..., xn ) is joint probability density
function for the basic random variables X1, X2, …, Xn and
integration is performed over the failure region g() < 0.
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