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steady state behaviour with change in initial
inoculum size: a modelling approach
Sayani Kundu1,3, Joyita Mukherjee2, Farhana Yeasmin1, Samarpita Basu1,*,
Joydev Chattopadhyay1, Santanu Ray3 and Sabyasachi Bhattacharya1,**
1

Agricultural and Ecological Research Unit, Indian Statistical Institute, Kolkata 700 108, India
Department of Zoology, Krishna Chandra College, Hetampur 731 124, India
3
Systems Ecology & Ecological Modelling Laboratory, Department of Zoology, Visva-Bharati, Santiniketan 731 235, India
2

Monitoring and modelling of the growth profile of
microalgae species should be an important tool for the
hatchery industries before standardizing the best
yielding and cost-effective protocol for their unit.
Several factors are responsible in determining the
nature of the growth profile. The most important regulator of such growth profile should be the volume of
the initial inoculum. In addition, identification and
determination of different phases (lag, log, stationary,
etc.) of the growth curves of microalgae may be an
essential part in the growth profile monitoring. Estimation of growth phases will also help the hatchery
scientists in standardizing the commercial culture for
industry. Moreover, the transition of different phases
can be accurately identified through theoretical models, which are mostly overlooked in simple analysis.
Summing up, we have two precise objectives: (1) to
study the effects of choice of initial inocula levels on
the time to maturity of the Chaetoceros sp., (2) to
model the growth profile of the species from which we
can theoretically determine its different phases, based
on the optical density measurement as a proxy of the
biomass. The estimated values of each phase are
compared under two initial inocula levels through
statistical tests. Using the conceptual approach of the
proposed theoretical technique, there is scope for
developing a similar model, which can be used in
determining cost-effective culture protocol for commercial use.
Keywords: Cost-effective production, growth profile,
hatchery industry, initial inoculum, optical density.
MICROALGAE are used as exclusive live food for commercially valuable fish and shellfish in hatchery. Microalgae play a crucial role in aquaculture as it provides
protein (essential amino acids) along with other key
nutrients and vitamins, essential PUFAs, pigments and
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sterols. As a consequence, the fish community or the
zooplankton species may be directly or indirectly benefited1.
Among many microalgae identified for aquaculture
purposes, species belonging to the genera, Chaetoceros
and Isochrysis are extensively used as food in most of the
shrimp hatcheries2. However, Chaetoceros is generally
preferred over Isochrysis because of its ability for rapid
growth and its nutritional superiority, particularly owing
to higher content of unsaturated fatty acids3. Hence,
Chaetoceros sp. is chosen as the sample organism for the
present investigation on growth profile study with variation in the initial inoculum volume. Microalgal culture is
the most expensive and technically challenging aspect of
all the hatchery operations4. There are several lacunae involved during the production and screening practices of
microalgae in the hatcheries5. Some of these problems are
associated in maintaining overall sterility of culture
ingredients, continuous supply of artificial light and
oxygen, temperature control, advanced instruments like
Coulter counter, digital microscopy, etc.6. The inconvenience involved in such maintenance could appear at different stages of the growth process. The exact change
point of different phases of the growth profile could identify these stages more precisely with the help of theoretical models. The experimenter can take advantage from
this theoretical model in tuning maintenance parameters
for optimum culture. Optimum culture condition can be
defined as the ideal condition, which is the most favourable environment for maximum growth of the microorganism6. Optimization can be achieved by trading off the
production cost and profit by tuning maintenance parameters and theoretical models. The researchers, working in
this domain should search for a less-complex (easy)
culture technique in terms of maintenance parameters,
commercially successful, cost-effective (cheap) production and finally a consistent (reliable) culture technique
with minimum experimental errors7.
Algal cells from a starter culture are inoculated into a
larger volume of treated, enriched water to reach an
optimal level from the initial low density. The optimum
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culture technique is heavily dependent on the amount of
inoculum used at the initial stage of experiment4. Some
additional physical factors such as temperature, light
intensities, amount of CO2, etc., are also important for
phytoplankton growth8,9. Chaetoceros sp. do not accumulate internal pools of inorganic nutrients whose uptake
and growth of the individual are closely coupled; therefore, it processes the nutrient pulses very rapidly into the
new cells10. As a result, the lag phase may be shorter for
this species (table 3 of ref. 10). At the low inoculum level,
the population density of the species is less and as a consequence the nutrient uptake is low. The scenario is just
reverse if we have a higher concentration of inoculum. So
the chance of unutilized nutrient at the steady state is
higher for the first case compared to the second11. In addition, a comparative growth study with equal volume of
initial inoculum of mixed and mono cultures of Isochrysis
galbana and Chaetoceros calcitrans was considered to
observe the symbiotic nature of those species, although
the experiments with different initial inocula levels were
ignored here12. There may be a possibility that the variation
with the inoculum level at initial stage of the growth experiment may change the span of the lag, log phases which
lead to the change in the growth profile of the species.
Thus, in this study we have two-fold objectives: (1) to
study the relationship between the choice of initial inocula levels and the time to maturity of Chaetoceros sp.
(economically an important microalga), (2) to model the
complete growth profile of species, so that we can theoretically determine and compare the deviation of lag, log,
stationary and decay phases of the species with different
inocula levels. It is expected that, the individuals present
at low inoculum density are exposed to less competition
compared to those present at high inoculum density, if
both the populations are kept in the same medium with
equal amount of nutrients. Variation in competition level
due to change in inoculum level would result in deviation
from the growth trajectory under fixed nutrient environment. Discrepancy in competition and its relationship
with abundance through reproduction is generally complex in nature. Modelling growth trajectories under different competition levels can be a good alternative for
understanding this relationship. The modelling based on
the relationship can help the experimental and hatchery
scientists take management decisions to control the optimum growth of Chaetoceros sp.
Shorter lag phase implies asymmetry in growth profile.
So, growth curves with asymmetric growth dynamics
(e.g. theta-logistic, Gompertz, extended Gompertz, etc.)
should be preferred to model the growth profile of Chaetoceros sp. Note that, modelling through rate profile (relative growth rate (RGR), which is the growth rate
relative to the initial size of the population) is preferred
than the size profile (biomass, abundance, any signature
of biomass (OD values, etc.), in capturing the asymmetric
growth dynamics13–15. In this article, we study the inter2276

dependence between initial inocula levels of Chaetoceros
sp. and the steady state behaviour of its growth profile
through the growth curve models, which can theoretically
determine different phases (lag, log and stationary, etc.)
of the growth curve, based on the relative growth rate.
The organization of rest of the manuscript is as follows.
Under materials and methods, the experimental protocol
is described with calibration curve of OD and biomass.
The model descriptions and experimental data fitting with
the identification of growth phases are well illustrated in
the same section. Estimation of growth phases under two
inocula levels and relative comparisons through statistical
analysis are done with proper explanation. Finally, we
have an elaborate discussion and provide a conclusion on
the overall objectives of the research.

Materials and methods
Experimental design
Chaetoceros sp. used in this experiment was grown in
two conical flasks each of volume 1 litre and filled up
with 1 litre F/2 medium16. These two conical flasks were
used for two separate cultures with different inocula
levels. Chaetoceros inocula were collected from the running stock culture of the lab (AERU Plankton Culture
Lab, ISI, Kolkata). Our previous laboratory experiences
show that 50 ml initial culture inoculum in 1000 ml culture medium exhibited better culture quality, i.e. the tendency of crashing of the culture is low compared to less
than 50 ml inoculum size in 1000 ml culture medium.
In this study, to perform the experiment, two initial
inocula were taken – (i) 50 ml and (ii) 50% increment of
the first inoculum, i.e. 75 ml initial inoculum to know if
there would be any significant difference in the growth
profiles of Chaetoceros. One of the cultures was started
with 50 ml inoculum (0.97 × 106 cells ml–1), denoted as
series A and the other culture with 75 ml initial inoculum
(1.49 × 106 cells ml–1), denoted as series B for the rest of
the manuscript. The series A can be further represented as
the PLID, i.e. Population with low initial density and the
series B can be represented as the PHID, which stands for
population with high initial density. Those initial inocula
were taken from the same running culture of Chaetoceros
sp. (2.01 × 106 cells ml–1; OD value 0.485) and the total
experiment was maintained under continuous aeration
and illumination (1500 LUX) and constant temperature
(23 ± 1°C) in the laboratory. Culture of each inoculum
level was maintained in triplicate. Initial cellular density
was counted using hemocytometer12. First sampling was
done at 2–3 min after the primary inoculation and was
carried out at every 12 h interval throughout the experimental period for optical density measurement, taken at
688 nm wavelength for visible light17. Measuring the optical density of a growing culture is a common method to
estimate growth of the species at specific time intervals
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because we know that the optical density of a growing
culture increases proportionately with the increased concentration of liquid culture17–19.
For the biomass estimation, at first the samples were
centrifuged at 8000 rpm for 10–15 min. Then, the clear
supernatant was discarded and the pellet was dried in a
desiccator until the weight became constant.

Optical density – the proxy of biomass
Generally, biomass dried weight and cell count are used
for depicting the growth profile of any microorganism.
Note that, the biomass and the cell count are measured
either by using hemocytometer or by assessing the dry
cell weight of the species. Both the methods are manually
operated and are subject to human experimental error.
Recently, an alternative measurement, the optical density
(OD) was used to assess the growth profile of the microalgae species by several studies17,20,21. Note that, this OD
reading is a direct output of the spectrophotometer apparatus; hence less affected by human subjective error.
However, it is still debatable weather OD values can be
used as a direct signature of the species biomass. An
existing study21 for other species, also observed that both
methods referred above (direct cell counting and biomass
dry weight evaluation) in addition to calibration curve with
OD, are suitable for cell density evaluation.
In this experiment, we study the growth profile of
Chaetoceros based on OD values. At the same time, it is
imperative to develop a calibration curve of OD and biomass so that we can comfortably use OD as a representor
of biomass21,22. With respect to developing the calibration
curve of OD and biomass of the species, first, we plotted
the OD (absorbance at 688 nm wavelength for visible
light) on the x-axis and the biomass (dry weight of algal
cell mass) on the y-axis for both the series A and B
(Figure 1). Then, the relationships between OD and biomass were established by the linear regression model
without intercept (y = mx), using R software. Following
the R2 values (R2 = 0.9935, P < 0.001 for series A;
R2 = 0.9891, P < 0.001 for series B), we can easily state
that there is a linear relationship between OD and biomass of Chaetoceros sp. Thus, OD can serve as
the proxy of biomass and we can duly use OD as the representative of the biomass for our study.
After completing the experiment, we had two timeseries datasets of OD values – series A and series B. Each
dataset has 29 time points, which represent 336 h of the
total experimental time. The OD value at a certain time
point (t) can be used as a replacement of the size variable.
Our next objective was to find a suitable growth curve
to represent the nature of the growth profile of the species. We know that the growth profile of any species can
be well understood through the standard growth curve
model. Note that, it is not easy for the experimenter to
identify the proper model from a rich class of growth
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curve family. Previous studies in this domain suggest that
the identification of a suitable model is easier through the
RGR profile instead of size profile14. Apart from this, a
single sigmoidal curve is not sufficient to explain the approximately reverse bathtub type profile curve of the
Chaetoceros growth (Figure 2 a and d). However, when
we plot time versus RGR profile, the data might have
good agreement with the common growth curves.
For plotting, we used Fisher’s RGR as an empirical
estimate of relative growth rate, which is given by
(1/Δ(t))ln(X(t2)/X(t1)), where X(t2) and X(t1) are the sizes
at time point t2 and t1 respectively and Δ(t) = t2 – t1. For
example, Figure 2 a and d cannot be modelled through
the common growth curves as the profiles do not exhibit
sigmoidal shapes. If we would like to develop the model
for RGR profile (Figure 2 b and e) it has a close synergy
with the Gompertz RGR function. So, the first and most
important step for summarizing the growth profiles of the
two series (A and B), is to estimate the RGR profile correctly based on the OD values. The growth curve literatures suggest that RGR is either size or time dependent.
For an initial guess of the growth curve models which
have proximity with respect to experimental data (series
A and B), we plotted the RGR profiles against both, time
and size (Figure 2 b, e, c and f respectively). RGR plots
against time and size exhibit a nonlinear trend. This is a
clear indication that the data have close resemblance with
either power logistic or Gompertz model. After incorporating a brief introductory description (next section)
about these models, we fit the experimental data through
the nonlinear least square.

The model
Growth models can be broadly classified into two categories: (1) size covariate models and (2) time covariate
models based on the form of the RGR function23. For size
covariate model (logistic, theta logistic, limiting logistic)
RGR is an explicit function of size, but RGR of species is
a function of age/time for the time covariate case24. To
understand different models that are used to represent
population dynamics, we can start by looking at a general
equation for the population growth rate (change in the
number of individuals in a population over time)
1 dx(t )
= R (t ) = r.
x(t ) dt

(1)

By integrating this equation we get
x(t ) = x(0)e rt ,

(2)

where x(t) is the population size at time point t, R(t) the
RGR at time point t and r is the per capita rate of
increase.
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Figure 1. The calibration curve of optical density (OD) and the biomass of Chaetoceros sp. where (a) represents the
linear relationship between the optical density, taken at 688 nm visual light wavelength (plotted on x-axis) and the
biomass in gm/ml (plotted on y-axis) for series A (50 ml initial inoculum size) and (b) represents the linear relationship
between the optical density, taken at 688 nm visual light wavelength (plotted on x-axis) and the biomass in gm/ml (plotted
on y-axis) for series B (75 ml initial inoculum size). The equations for regression model and the R2 values are provided in
the top left corner in both (a) and (b). The circles ({) represent the observed values and the green, red lines represent the
fitted values for series A and series B respectively.

Figure 2. Advantage of the relative growth rate (RGR) modelling over size modelling based on OD values. (a),
(d) exhibit the complete growth profile of Chaetoceros sp. during the entire experimental time period (336 h) for series A
(50 ml initial inoculum size) and series B (75 ml initial inoculum size) respectively. The incubation time (hours) is plotted
on the x-axis and the optical density (absorbance at 688 nm wavelength of visible light) is plotted on the y-axis accordingly. The RGR profiles against time (hours of incubation) are depicted in (b) and (e) for the series A and B respectively.
Similar plots of RGR profiles against size (OD values) are exhibited in the (c) and ( f ) for the series A and B respectively.
The presence of the decay phases in the (a) and (d), violate the assumptions of the sigmoidal growth pattern. But in comparison, the RGR profiles against time (b and e) have a close synergy with the Gompertzian rate pattern.
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Let us discuss some of the most common growth curve
models from the literature.
Theta-logistic and logistic growth model: Theta-logistic
model25,26 is known as a generalized logistic model in
ecological literature13, where θ is the only parameter that
regulates the density of the population. The theta-logistic
model is represented by the differential equation
⎛ ⎛ x(t ) ⎞θ
dx(t )
= rx(t ) ⎜ 1 − ⎜
⎜ ⎝ k ⎟⎠
dt
⎝

⎞
⎟.
⎟
⎠

(3)

k
1/θ

⎛ ⎛ ⎛ k ⎞θ
⎞
⎞
⎜1 + ⎜ ⎜
− 1⎟ e −θ rt ⎟
⎟
⎟
⎜ ⎜ ⎝ x(0) ⎠
⎟
⎠
⎝ ⎝
⎠

,

(4)

where r is the per capita rate of increase, k the carrying
capacity and θ is the curvature parameter. The model 3
reduces to logistic model when θ = 1, with the solution
x(t ) =

k
(1 + be− rt )

⇒

dx(t )
⎛ ln x(t ) ⎞
= x(t )φ ⎜ 1 −
⎟.
dt
ln k ⎠
⎝

Integrating the eq. (8), we get the solution of x(t) as
x(t ) = keln( x (0)/k )exp( −φ t ) .

By solving this equation we get
x(t ) =

1 dx(t )
⎛ ln x(t ) ⎞
= φ ⎜1 −
⎟
ln k ⎠
x(t ) dt
⎝

(5)

.

Gompertz curve: a limiting theta-logistic model: The
most popular member of time covariate family is the
Gompertz model which describes the dynamics of a
population that grows with an intrinsic rate of growth that
decays exponentially. The relative growth rate of this
model can be defined as
1 dx(t )
= be− at .
x(t ) dt

(6)

(9)

The eq. (9) is just like a size covariate transformed format
of the Gompertz growth model.
In growth curve study, usually the lag, log and stationary phases can be characterized by a single symmetric/
asymmetric growth equation. It is evident from the RGR
curve fitting that the population of Chaetoceros under
study showed very rapid growth at the initial phase. It is
well known that the usual growth profile of Chaetoceros
is composed of four consecutive growth phases, viz.
lag, log, stationary and the decay.
In our study, when OD versus RGR was plotted with
the experimental data, a concave upward relationship was
observed between OD and RGR, which motivates us to fit
theta-logistic model in this case. But the OD plot suggests a very short lag phase and a sharp log phase, which
indicates that the species must have been very strong r
strategists, i.e. having a very high reproduction rate. Note
that, when θ is very small, r is very high but rθ ln k is
moderately large which indicates that the theta logistic
family reduces to Gompertz growth equation. In this case,
limiting theta-logistic growth profile must be appropriate
rather than the classical theta-logistic model27. For the
time covariate when we plot age (time) versus RGR
graph, it exhibits an exponential decay relationship between OD and RGR which has a signature of Gompertz
Growth Law. So, limiting theta logistic or Gompertz may
be a good candidate to model the growth phenomena of
Chaetoceros.

By integrating the eq. (6) we get
x(t ) = x0 e

(( b/a )(1− exp( − at )))

Growth curve fitting
,

(7)

where a and b are real positive constants.
We consider eq. (3) as a limiting form of the model
where limθ→0. Ignoring the higher order terms in θ and
taking the limit as θ → 0 the model 3 approaches
R (t ) =

1 dx(t )
⎛ ln x(t ) ⎞
= rθ ln k ⎜ 1 −
⎟.
x(t ) dt
ln k ⎠
⎝

(8)

Hence, for a well defined model in the limit, r must tend
to infinity so that rθ ln k approaches a finite constant, say
φ in the limiting model and gives
CURRENT SCIENCE, VOL. 115, NO. 12, 25 DECEMBER 2018

The objective of curve fitting is to describe the experimental data with the help of a model (function or equation) and to estimate the parameters associated with this
model. In our experimental data, it is clear that the
response variable is not linearly related to other variables.
So, we fit this data, based on nonlinear least squares method (nls) and the model parameters are estimated using
nonlinear regression routine implemented in statistical
software R. To identify the best-fitted model, we have
used Akaike Information Criterion (AIC)28 which is a
measure that estimates the quality of each model, relative
to each of the other models. If k is the number of estimated parameters in the model and L̂ is the maximum
value of the likelihood function for the model, then the
2279
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Table 1.

r̂

P value

k̂

P value

AIC

RMSE

0.019
0.017

0.000
0.000

0.984
0.895

0.000
0.000

–245.418
–213.128

0.003
0.005

Model

Logistic (series A)
Logistic (series B)

Estimation of parameter values using logistic model

The estimated values of the model parameters ( r̂ and k̂ ) are provided in this table, where, r̂ = estimated value
of the growth rate and k̂ = estimated value of the carrying capacity. The P values suggest that the parameter values are significant (P values ≅ 0). The performance of the model can be described by the AIC and RMSE values.

Estimation of parameter values using Gompertz model

Table 2.

â

P value

b̂

P value

AIC

RMSE

0.028
0.029

0.000
0.000

0.020
0.027

0.000
0.000

–285.034
–237.583

0.001
0.003

Model
Gompertz (series A)
Gompertz( series B)

The estimated values of the model parameters (aˆ and bˆ) are tabulated here. The P values suggest that the parameter
values are significant (P values ≅ 0). The performance of the model can be described by the AIC and RMSE values.
Table 3.

Model
Gompertz size (series A)
Gompertz size (series B)

Estimation of parameter values using Gompertz size model
â

P value

b̂

P value

ĉ

P value

AIC

RMSE

1.175
1.184

0.000
0.000

1.498
1.247

0.000
0.000

0.221
0.212

0.000
0.000

–83.677
–76,922

0.026
0.031

The estimated values of the model parameters (aˆ , bˆ and cˆ) are tabulated here. The P values suggest that the parameter values are significant (P values ≅ 0). The performance of the model can be described by the AIC and
RMSE values.

AIC value of the model can be estimated from
2k − 2ln L̂ . The model having the lowest AIC value
represents the best-fitted model for a given dataset. Additionally, in order to choose the final best-fitted model
among all the best-fitted models, the differences of the
AICs are calculated29. Let, Δi = AICi − AICmean, where
AICi is the AIC of the ith model and AICmean is the lowest
among the all AICs of the models under consideration. To
choose the best model, we may follow the following rule.
(1)
(2)
(3)
(4)

If, Δi < 2, then there is sufficient support to choose
ith model.
If, 2 < Δi < 4, then the ith model has strong support
to be accepted.
If, 4 < Δi < 7, then the ith model does not have considerable support to be accepted.
Finally, the models with Δi > 10 should not be
accepted.

Another frequently used measure for selection of the best
model for the observed data is residual mean square error
(RMSE) which measures the differences between predicted values by a model or an estimator and the values
actually observed30,31. Like AIC, the lowest RMSE value
of a model is also considered as the measure for identification of the best fitted model32. The estimated values of
the parameters, AIC and RMSE values are summarized in
Tables 1 and 2).
By observing the p-values and RMSE values of the
model parameters in Tables 1 and 2, we can identify that
the estimated values of the parameters of logistic RGR
2280

model and Gompertz model are significant for both the
series A and B. Observed and estimated values of RGR of
logistic model and Gompertz model for both the data
series are represented in Figures 3 and 4 respectively.
AIC and RMSE values for two RGR models are given in
Tables 1 and 2). When we compare the AIC and RMSE
values for both logistic and Gompertz models, we observe that the Gompertz RGR model has lower AIC and
RMSE values than the logistic RGR model. In addition,
the Δ values (as given previously) of logistic model compared to the Gompetz RGR model are found to be 39.616
and 24.455 for series A and B respectively. In both cases,
Δ values are greater than 10. Hence, Gompertz RGR provides better fit.
Again, the parameter values are estimated using the
Gompertz size model. The estimated values of the parameters, AIC and RMSE values are summarized in the Table 3.
According to Table 3, all the parameter values of the
Gompertz size model are significant (observed and estimated values of the Gompertz size model for both the
data series are represented in Figure 5). However, both
the AIC and RMSE values of the Gompertz RGR model
(Table 2) are less than the Gompertz size model (Table
3). Again it should be noted that the Δ values as in the
previous case, for series A and B of the Gompertz size
model compared to Gompertz RGR model, are found to be
201.357 and 160.661, which are significantly >10. Hence,
Gompertz size model should not be accepted compared to
Gompertz RGR model. This indicates that modelling
through RGR is better than modelling based on size.
CURRENT SCIENCE, VOL. 115, NO. 12, 25 DECEMBER 2018

RESEARCH ARTICLES

Figure 3. Logistic RGR fitting based on observed values of series A and B (see (a) and (b) panels) respectively. The OD
(size) values are plotted on the x-axis and the RGR of OD values are plotted on the y-axis. The circles ({) represent the
observed values and the pink, green lines represent the fitted curves for the series A and B respectively.

Figure 4. Gompertz RGR fitting based on the observed values of series A and B (see (a) and (b) panels) respectively.
The time points (incubation hours) are plotted on the x-axis and the RGR of OD values are plotted on the y-axis. The
circles ({) represent the observed values and the pink, green lines represent the fitted curves for the series A and B
respectively.

Different phases of the growth curve
In the present study, when population size is plotted
against time, a sigmoidal curve is achieved (Figure 6). In
general, any sigmoidal growth curve can be divided into
three major phases of growth, viz. an initial phase or lag
phase, an exponential phase or log phase and lastly a stationary phase.
The length of the lag phase and the strength of the log
phase can be determined theoretically and estimated by
the help of the model of Zwietering et al.33. According to
this model, a sigmoidal curve can be approximated by
three straight lines: AB, BC and CD (Figure 7). The point
of inflection is achieved at point H on the curve, where
the specific growth rate is maximum. Now, if a tangent is
drawn through the point of inflection and extended up to
CURRENT SCIENCE, VOL. 115, NO. 12, 25 DECEMBER 2018

the x-axis, then this tangent would cut the x-axis at the
point E. Let, the quadrate of this point E be (λ, 0). Then
the length of λ would be the estimator of the lag phase of
the sigmoidal asymmetric growth curve. Moreover, if the
angle at the point of inflection is μm then it would be the
estimator of the log phase. Being the slope of the curve,
μm regulates the log phase of the growth curve. After the
log phase, a final phase is reached when the rate decreases and finally arrives at zero, the steady state. We can
precisely define the time span of the lag, log and stationary phases of the growth curve in the following way.
The intervals [0, t1) and [t1, t2) can be represented as the
span of lag and log phases respectively. The interval
[t2, ∞) corresponds to the stationary phase of the growth
curve (Figure 7). The growth curve may show a decline
after attaining the steady state. This kind of behaviour
2281
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Figure 5. Fitting of Gompertz growth curve models, using OD values up to the stationary phases for the series A and B
respectively (see panels (a) and (b)). The time points (incubation hours) are plotted on the x-axis and the OD values are
plotted on the y-axis. The circles (o) represent the observed values up to the stationary phases and the pink, green lines
represent the fitted Gompertz curves.

Figure 6. Comparison of the size profiles based on the OD values of
the series A and B respectively. The blue and red circles with lines,
represent the series A and B respectively.

is called the decay phase and is not considered here for
modelling.

Results
Determination of different phases of growth profile
Determination and estimation of λ and μm for both series
A and B are done following the technique of Zwietering
et al.33. The determination procedure is summerized
below.
Equation (9) can be written like Gompertz equation,
i.e.
⎡ x(0)
⎤
x(t ) = ke − exp ⎢ ln
− φt ⎥ ,
k
⎣
⎦
2282

Figure 7. The graphical representation of the three growth phases
(lag, log and stationary) of any general sigmoidal growth curve. The
lag and log phases are estimated by the parameters λ and μm respectively. Precisely, the time span of the lag, log and stationary phases of the
growth curve can be described as follows. The intervals [0, t1) and
[t1, t2) can be represented as the span of lag and log phases respectively.
The interval [t2, ∞) corresponds to the stationary phase of the growth
curve.

x(t ) = ae − exp[b − ct ],

where ln(x(0)/k) = b, k = a and φ = c.
At the inflection point where t = ti, the second derivative is equal to zero. Then we calculate
d 2 x(t )
dt 2

(10)

(11)

= 0 → ti = b/c,

(12)

now, we get the first derivative at the inflection point ti
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dx(t )
= ace − exp(b − ct ) exp(b − ct ).
dt

(13)

From eq. (13) we get μm = (dx(t)/dt) = ac/e,
Substituting the value of ti in eq. (10) we get Y1
b⎞
⎛ x(0)
Y1 = k exp ⎜ ln
exp− φ ⎟ .
k
c⎠
⎝

(14)

The description of tangent line through the inflection
point is
Y = μm t + Y1 − μm ti .

μm λ + Y1 − μm ti = 0.

(16)

b −1
.
c

(17)

Testing of hypotheses
From our experimental data, we estimate the time points
where the λ values exist both for series A and B say, λA
and λB. We can test the time points at which the λ value
observed are same or different along two data series. So,
our null hypothesis is
H0 : λ A = λ B,

(18)

against the obvious alternative
H1 : λ A > λB,

Series A
Series B

A

(19)

B

To test the equality of log phases between two series of
data, we consider the following hypothesis given by
H0 : μmA = μmB,

(20)

H1: not H0,

Previously we had estimated the parameter values of
Gompertz model by nonlinear least square method.
Using this parameter value we also estimated the values
of lag phase, log phase and the point of inflection of
Chaetoceros sp. The estimated values are summarized in
Table 4.

Data

(λˆA − λˆB ) − (λ A − λB )
.
Var(λˆ ) + Var(λˆ )

against the obvious alternative,

The theoretical value of λ is

Table 4.

τ1 =

(15)

The lag time is defined as the t-axis intercept of the
tangent through the inflection point,

λ=

From the asymptotic properties of MLE we have,
θˆi ~ N (θi , Var(θˆ)i )), for i = 1, 2, 3 and λˆk ~ N(λk,
Var (λˆk ), for k = A, B where θˆi = (θˆ1 , θˆ2 , θˆ3 ) = (aˆ , bˆ, cˆ).
By the invariance property of maximum likelihood
estimator, λA and λB are functions of the parameters b, c.
So the MLE of λA and λB are λˆA and λˆB respectively,
where λˆA = (bˆ − 1)/c. The variance of the above estimators is the asymptotic variance. The test statistic of this
test is given by

Estimated values of different phases of growth profile of
Chaetoceros sp.
lag phase (λ )

log phase (μ)

Point of inflection (ti)

2.253
1.163

0.095
0.092

6.878
5.860

Estimated values for the different phases and inflection points for both
the experimental set up of the growth profile of Chaetoceros sp. are
provided in this table. From this table, we can compare between the
two experimental set-up by observing these estimated values.
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and the test statistic is

τ2 =

( μˆ mA − μˆ mB ) − ( μmA − μmB )
Var( μˆ mA ) + Var( μˆ mB )

(21)

.

The null distribution of both the test statistics τ1 and τ2 is
N(0, 1). So the null hypotheses are rejected at α level of
significance if τ1 > zα and |τ2| > zα/2 respectively, where zα
is the upper 100(1 – α) percentile of the standard
normal distribution. To evaluate the test statistics, τ1 and
τ2, we need to calculate the variance of λˆA and μˆ mA . The
variance is calculated from the following formula involving the function of estimators.
⎛ ∂φ ⎞
Var[φ (aˆ , cˆ)] = Var(aˆ ) ⎜ ⎟
⎝ ∂a ⎠

2

aˆ , cˆ

⎛ ∂a ⎞
+ Var(cˆ) ⎜ ⎟
⎝ ∂φ ⎠

⎛ ∂φ ⎞ ⎛ ∂a ⎞
+2Cov(aˆ , cˆ) ⎜ ⎟ ⎜ ⎟
⎝ ∂a ⎠ aˆ , cˆ ⎝ ∂φ ⎠

2

aˆ , cˆ

2

,

(22)

aˆ , cˆ

where φ (aˆ , cˆ) is a nonlinear function of a and c (ref. 34).
Based on this testing of hypotheses it is found that
there is a significant difference between the lag phases of
two data series (P value 0.009) and the test statistic value
is 2.357. Thus, the null hypothesis (eq. (18)) is rejected at
5% level of significance. In case of log phases the
observed value of the test statistic is 0.344 and P value is
0.365. Therefore, the null hypothesis (eq. 20) is accepted
at 5% level of significance. It signifies that there is no
significant difference between the log phases of the two
data series.
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Discussions and conclusion
In microalgae culture, key complexities are coupled with
production processes and related high operational
costs. Difficulties are involved in the overall maintenance
of a reliable culture for commercial purposes. Note
that, these high expenditures make almost half of the
economic cost of a fish culture plant35. To reduce
the production costs and fulfil the demand of the hatchery
industries, an optimum culture condition of microalgae
is required. So, research on optimum culture technique
of microalgae by monitoring and controlling growth
profiles is an important study area to be explored.
Although the study of the nature of the growth profile
is an essential step in the microalgae technology, its
detailed study has been largely ignored36. Analysis of
the observed data sets by using conceptual models can
be a new approach and an alternative tool in the optimization process of microalgae culture for commercial
usages.
In the present study, we have studied the nature of the
growth profiles of a commercially valuable algal species,
Chaetoceros sp. under two different experimental conditions. In microalgae culture, initial inoculum has immense effect on the biomass yield37, a key indicator of
the growth profile. To identify this effect, we have conducted the growth experiment of Chaetoceros sp. in
laboratory condition under two levels of inoculum in F/2
medium. We obtained the data in terms of OD
values for the two levels of inocula. We assumed OD
values as a signature of the biomass. To support this assumption, we developed a calibration curve of OD and
biomass and observed that there exists a strong linear
relationship between OD and biomass for both the levels
of inocula of Chaetoceros sp. We chose the best fitted
model (Gompertz model) using RGR profiles of OD
values for identification of critical change points of different growth phases to understand the variations in
growth trajectories accurately. It is noteworthy, that small
discrepancies in the span of the different phases of
growth are generally overlooked in simple growth curve
observation method. It is well known that the spans of lag
and log phases (first two phases of a growth curve) are
the key factors by which we can compare the maturity
time of the species for the two levels of inocula. The
shorter lag phase and rapid log phase may encourage
earlier maturity for the species. We determine the estimates of lag and log phases by using the parameter estimates of the fitted model.
The three phases of the growth curve model can be
described by three parameters. The parameter μm is
defined as the slope of the tangent in the inflection point.
This parameter can also be interpreted as the magnitude
of the maximum specific growth rate, which is achieved
at the point of inflection. The slope of the tangent can be
used as an indicator of log phase. The parameter λ is
2284

defined as the x-axis intercept of this tangent. This can be
used as a proxy of the lag phase.
These phases can be well understood from Figure 7.
The growth curve has the asymptote at x(t) = k. The tangent EC at the point of inflection H, intercepts the asymptote at the point C. The segment OE, which is the x-axis
intercept of the tangent EC at the point of inflection, is representative of the lag phase. Note that, the slope of the tangent EC is an indicator of the log phase. The length CD
can be interpreted as the proxy of the stationary phase.
The hypothesis of the equality of the expected lag
phases of the two growth profiles, which is generated
from the data with two initial inoculum sizes is rejected
with reasonably low P values (0.009).
In comparison with the hypothesis of the equality of
the expected log phases of the two growth profiles was
accepted with reasonably high P values (0.365). This
implies that the magnitude of the maximum specific
growth rate at the point of inflection is almost the same
for both the populations. But surprisingly, the population
B reaches the point of inflection 12 h earlier than population A (Table 4).
It is interesting to note that, the magnitude of the maximum specific growth rate for both the series is the same.
Naturally, the series A, PHID should reach its maximum
value earlier compared to series B, PLID. Growth rate of
the dense population is reduced gradually after attaining
maximum specific growth. Note that, the PLID reaches
its maximum specific growth 12 h later. In the meantime,
the PHID loses its growth rate in significant amount. The
growth rate of the PLID also starts decreasing after it attains maximum specific growth rate. As a result, two
growth trajectories ultimately merge together when they
approximately attain steady state. It happens after 180 h
of incubation. Note that, the amount of nutrients for both
the samples PHID and PLID are the same in the experiment performed in the conical flasks with exactly the
same volume. An individual for both the samples PHID
and PLID needs the same amount of nutrients per unit
time for supporting natural growth. Moreover, an individual also needs an additional proportion of nutrient to
compensate the loss of energy due to competition. Naturally, an individual has to utilize more nutrients for this
compensation in PHID sample, compared to PLID. So,
the possibility of unutilized nutrient is more for series A
instead of series B, when the species achieves its steady
state. Here, the relationship between the abundance of individuals and the competitions under fixed nutrient condition is identified specifically with the help of modelling
approach. So, modelling of growth trajectories under different competition levels can be a good alternative for
understanding these types of complex relationships.
We observe a decline in the growth profile after the
steady state continues up to 120 and 70 h for series A and
series B respectively. Note that, series B shows a rapid decay compared to series A. The species takes the necessary
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food for its survival from the unutilized nutrients in the
medium during the stationary phase. In this phase, all the
consumed nutrients are utilized only for the daily basic
need, but not for the growth rate development. The species can survive with this nutrient backup up to a certain
period. Obviously, this period must be less for series B
compared to series A, as the unutilized nutrients for
series A is more than the series B.
If the series B was not a nutrient-limited condition and
there is continuous supply of fresh nutrients (like, continuous culture)6, then it may reach steady state earlier than
series A. However, the experiment needs more cost for
this additional nutrient. On the other hand, if the experimenter runs a cost-effective experiment in terms of the
nutrient, he/she has to wait significant hours for completion of the experiment. Note that, in the second case, the
running cost of the experiment is higher. Here, the experimenter can apply the theoretical model to tune the
maintenance parameters (time of supply of nutrients,
oxygen, light, etc.) of the culture by identifying the transition point of different phases of growth. So, there must
be a trade-off from the experimenter; he/she can arrange
more nutrients for the early development of the end product or wait patiently for an additional period for the end
product. Thus, our modelling approach allows experimental scientists of the hatchery industries take management
decisions through this trade-off. Moreover, our modelling
approach may also be advantageous over using sophisticated instruments, in terms of expenses and identification
of the transition point and duration of the growth phases
accurately.
Thus, the theoretical (modelling) approach considered
in this article, seems to be effective practically in standardizing the optimal culture condition, monitoring, analysis of growth profiles and understanding complex
relationships of microalgae. In addition, modelling of
experimental data can help hatchery scientists take proper
management decisions to produce a cost-effective culture
protocol for commercial usage.
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