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A damage constitutive model for the
intermittent cracked rock mass under
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Hongyan Liu* and Fengjin Zhu
College of Engineering and Technology,
China University of Geosciences (Beijing), Beijing 100083, P.R. China

The calculation of rock mass damage induced by the
intermittent crack is the premise for establishment of
the rock mass damage constitutive model (DCM).
However, there are two shortcomings in the previous
calculation methods of the rock mass damage: (a) it
only considers the crack geometry or strength parameters, and does not consider its deformation parameter such as normal and shear stiffness; and (b) the
influence of loading condition of the rock mass is not
considered. This study focuses on intermittent cracked
rock mass under the planar complicated stress condition and calculates its damage tensor. The proposed
calculation method of rock mass damage considers the
crack parameter such as length, dip angle, internal
friction angle, normal and shear stiffness (internal
factor) as well as the loading condition (external factor). The corresponding DCM for the intermittent
cracked rock mass is then set up. The calculation
examples validate that the proposed model can reflect
the influence of crack parameter and loading condition on the rock mass mechanical behaviour.
Keywords: Damage, intermittent cracked rock mass,
planar complicated stress condition, stress intensity
factor, strain energy density criterion.
THE mechanical behaviour of rock mass such as its
strength and deformability under the complicated stress
condition is one of the most important issues in practical
engineering. Cracks affect the rock mass mechanical
behaviour and failure mode to a large extent1–6. Wang and
Huang1,2 set up a constitutive model for the rock mass to
reflect its strength and deformation anisotropy caused by
the persistent joint. Tokiwa et al.3 found that the rock
mass deformability was controlled by the fault system in
a shaft excavation in soft rock. Sari4 assumed that the
rock mass mechanical property was affected by the
discontinuity characteristic and intact rock property.
Through experimental and numerical analysis, Sagong
et al.5 found that the joint dip angle had much effect on
the rock fracture and joint sliding behaviours around an
opening in a jointed rock mass. Khani et al.6 found that
the rock mass deformational modulus and Poisson’s ratio
greatly decreased with the increase in fracture intensity.
As the cracks are often many and intermittent, their
influence on rock mass mechanical property cannot be
*For correspondence. (e-mail: lhy1204@cugb.edu.cn)
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considered one by one. Studies were carried out with
damage mechanics. The crack is assumed to be a kind of
damage to the rock mass, which can be described with the
damage7,8. However adopting a suitable damage tensor to
describe the damage induced by cracks is the key to
establishing the rock mass DCM. The definition of rock
mass damage tensor induced by cracks often falls into
two categories. One is to define the damage tensor in the
rock mass geometry damage theory7. It only considers the
crack geometry parameter such as its length and dip
angle, while the crack strength such as its internal friction
angle and cohesion is not considered. Li et al.8 therefore
set up a new damage tensor calculation method based on
the energy principle of damage and fracture mechanics.
We call it the geometry and strength damage tensor
calculation method. It can consider the influence of crack
geometry parameter and strength one on the rock mass
damage. Compared to the former, the latter is better
although not perfect. Three kinds of crack parameter such
as its geometry one, strength one and deformation one
like the crack normal and shear stiffness are proposed to
describe the physical and mechanical properties. Meanwhile some studies show that the crack deformation
parameter also has some influence on rock mass mechanical property. For example, it was found9 that an increase
in crack normal and shear stiffness would reduce the
tensile stress at crack tips and then increase the rock mass
strength. However, both the calculation methods for the
damage tensor described do not consider the influence of
crack deformation parameter.
Meanwhile this is still an important subject as the rock
mass damage is related not only to the rock mass physical
and mechanical property (internal factor) but also to the
loading condition (external factor). For example, the rock
mass biaxial and triaxial compressive strength is much
larger than its uniaxial one. In other words, the rock mass
damage under biaxial and triaxial compression is much
lower than that under uniaxial compression. A new rock
mass DCM is therefore established which can consider
the co-influence of rock mass and the loading condition
on the rock mass mechanical behaviour. Some examples
are illustrated to validate this.
Yang et al.10 ran the conventional triaxial compression
test on the intact coarse crystal marble samples and
intermittent cracked ones under different confining pressures. The samples are cylinders (50 mm in diameter and
100 mm in length), and the cracked ones have two unilateral and intermittent cracks with the depth of 0.3–
0.5 mm filled with plaster shown in Figure 1. In order to
study the influence of confining pressure on the cracked
rock mass strength, compression tests were done. The
compressive strength of samples with the confining pressure 0, 10, 20 and 30 MPa is 17.2, 90.4, 122.3 and
154.5 MPa respectively, and its failure modes are shown
in Figure 1. Xie11 assumed that damage progressively reduced rock mass cohesion and the volume element failure
560

was caused by microcracks in it under loading. That is to
say, the damage can be defined by deterioration of rock
mass strength. Many researchers12,13 also adopted this
method to define rock mass damage. The damage of rock
mass under different confining pressures can be calculated (Table 1). It indicates that rock mass damage decreases with increasing confining pressure, which shows
that external factors (the load) affect the rock mass damage even if the internal factors (the rock mass sample and
the crack) are identical. Therefore, the influence of loading condition on rock mass damage should be considered
at the same time and only then the rock mass mechanical
behaviour can be reflected properly.
For a planar problem in fracture mechanics, the increment of additional strain energy U1 induced by the cracks
is8
A

U1 = ∫ G dA =
0

A

1
( K Ι2 + K II2 ) dA,
E ′ ∫0

(1)

where A is the crack area, G the energy release rate, and
KI and KII are first and second stress intensity factors at
the crack tip respectively. For a planar stress and strain
problem, E′ = E and E′ = E/(1 – ν2) are adopted respectively, where E and ν are Young’s elastic modulus and
Poisson’s ratio of the corresponding intact rock respectively. Here E′ = E is adopted because the planar stress
problem is studied.
For one crack, A = Ba (unilateral crack) or 2Ba (central
crack). For many cracks, A = NBa (unilateral crack) or
2NBa (central crack), where N is the crack number, B the
crack depth and a the crack half length, as shown in
Figure 2.
For the rock mass with one intermittent crack (shown
in Figure 2) under the planar complicated stress, its
damage strain energy Y is14

⎧
⎛σ
⎪2
(1 + ν ) + 3(1 − 2ν ) ⎜ m
Y =−
2 ⎨
⎜ σ eq
2 E (1 − D) ⎪ 3
⎝
⎩
2
σ eq

⎞
⎟
⎟
⎠

2⎫

⎪
⎬,
⎭⎪

(2)

where, σm = 1/3(σx + σy) is the hydrostatic stress,

σ eq =

1
2

2
σ x2 + (σ x − σ y ) 2 + σ y2 + 6τ xy

is Mises effective stress, D the rock mass damage
induced by the intermittent crack, and σx, σy and τxy are
the normal stresses along x-axial and y-axial, the shear
stress respectively.
Assume UE is the unit volume elastic strain energy of
the sample. Under the planar stress, it is14

U E = −(1 − D)Y .

(3)

CURRENT SCIENCE, VOL. 115, NO. 3, 10 AUGUST 2018

RESEARCH COMMUNICATIONS

Figure 1. The sample with intermittent cracks of 45°dip angle and its failure modes under different
confining pressure σ3: a, the cracked sample; b, σ3 = 0 MPa; c, σ3 = 10 MPa; d, σ3 = 20 MPa;
e, σ3 = 30 MPa.

U 0E = −

2 ⎧
σ eq
⎪2

⎛ σm
⎨ (1 + ν ) + 3(1 − 2ν ) ⎜⎜
2E ⎪ 3
⎝ σ eq
⎩

⎞
⎟
⎟
⎠

2⎫

⎪
⎬.
⎭⎪

(5)

The elastic strain energy increment of the rock mass
per volume induced by the crack is
ΔU

Figure 2. The wing crack growth model under the planar complicated
stress. Crack length 2a, crack dip angle α, wing crack length l, crack
depth B.

Table 1.

σimax/MPa
σcmax/MPa
Damage

71.39
16.43
0.77

102.0
80.92
0.21

σ3 = 20 MPa

128.44
123.42
0.039

Damage = 1 – σcmax/σimax, where σimax and σcmax are the peak strength of
intact and cracked rock mass.

⎞
⎟
⎟
⎠

⎧
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× ⎨ (1 + ν ) + 3(1 − 2ν ) ⎜ m
⎜ σ eq
⎪⎩ 3
⎝

⎞
⎟
⎟
⎠

− U 0E

2
2
⎛ σ eq
σ eq
ΔU E = V ⎜
−
⎜ 2 E (1 − D ) 2 E
⎝

2⎫

⎪
⎬.
⎭⎪

⎞
⎟
⎟
⎠

2⎫

⎪
⎬.
⎭⎪

⎧
⎛ σm
⎪2
⎨ (1 + ν ) + 3(1 − 2ν ) ⎜⎜
2 E (1 − D) ⎪ 3
⎝ σ eq
⎩

(8)

or

Combining eqs (2) and (3) yields
2
σ eq

(7)

ΔUE in eq. (7) and U1 in eq. (1) are both the elastic
strain energy increment induced by the crack, therefore
they should be identical to each other
ΔUE = U1,

UE = −

(6)

⎞
⎟
⎟
⎠

⎧
⎛σ
⎪2
× ⎨ (1 + ν ) + 3(1 − 2ν ) ⎜ m
⎜ σ eq
⎪⎩ 3
⎝

σ3 = 30 MPa

108.06
102.0
0.056

=U

2
2
⎛ σ eq
σ eq
⎜
=
−
⎜ 2 E (1 − D ) 2 E
⎝

E

Assume the rock mass volume is V, the elastic strain
energy increment induced by the crack is

Compressive strength of intact and cracked marble under
different confining pressures

σ3 = 0 MPa σ3 = 10 MPa

E

⎞
⎟
⎟
⎠

2⎫

⎪
⎬.
⎪⎭

(4)

When the rock mass has no cracks, D = 0, and eq. (4)
can be written as
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(9)
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the crack face is μ = tanϕ. Then under the complicated
stress condition, the slide force τeff along the crack face
can be obtained by combining eqs (11)–(12)

From eq. (9) yields
1
⎡ 2
⎢1 + V
⎧
⎛σ
⎢
2 ⎪2
σ
(1 + ν ) + 3(1 − 2ν ) ⎜ m
⎨
eq
⎢
D = 1 − 1/
⎜
3
⎝ σ eq
⎢
⎩⎪
⎢
A
⎢
× ∫ ( K Ι2 + K II2 )dA.
0
⎣

⎤

⎞
⎟⎟
⎠

2 ⎫⎥

⎪⎥
⎬ ⎥ (10)
⎭⎪ ⎥
⎥
⎥
⎦

The solution of KI and KII is illustrated below.
Under the planar complicated stress condition, the
crack will close and the normal and shear stresses will
occur on the crack face. The shear stress will make the
rock mass slide along the crack face and on the contrary
the friction stress produced by the normal stress will
resist this slide. With continued loading, the rock mass
will slide along the crack face when shear stress exceeds
friction stress. Accordingly, wing crack will occur at the
crack tips and then begin to propagate15,16 (Figure 2).
For the intact rock, under the planar complicated stress
condition, the normal and shear stresses on the oblique
plane with dip angle α are

σ x +σ y σ y −σ x
⎧
+
cos 2α − τ xy sin 2α
⎪⎪σ α′ =
2
2
⎨
σ y −σ x
⎪
τ α′ =
sin 2α + τ xy cos 2α ,
⎪⎩
2

(11)

where σ α′ and τ α′ are the normal and shear stresses on
the oblique plane respectively, and α is the oblique plane
dip angle.
However, for the cracked rock mass, when an intermittent crack with length 2a exists on the oblique plane with
dip angle α, the normal and shear stresses on this plane
will be affected by the crack mechanical property which
is less than that of the intact rock. So the normal and
shear stresses on the crack face are
⎧σ α = (1 − Cn )σ α′
⎨
⎩ τ α = (1 − Ct )τ α′ ,

(12)

where Cn and Ct are the crack transferring compression
and shear coefficients respectively17
Cn =

πa
E
πa +
(1 − v 2 ) K n

,

Ct =

πa
E
πa +
(1 − v 2 ) K s

.

When the crack half-length a = 0 cm, namely the rock
mass is intact, Cn = Ct = 0. Then eq. (12) is the same as
eq. (11).
If we assume that crack cohesion and internal friction
angle are c and ϕ respectively, the friction coefficient of
562

0
τ eff ≤ 0
⎧
τ eff = ⎨
⎩τ α − μσ α − c τ eff > 0.

(13)

KI and KII at the crack tips can be calculated according
to Lee et al.18
2aτ eff cos α
⎧
−σ x πl
⎪KI =
π (l + l*)
⎪
⎨
⎪ K = − 2aτ eff sin α ,
⎪ II
π (l + l*)
⎩

(14)

where l* = 0.27a was introduced15 to make KI and KII
nonsingular when l = 0.
At the critical condition when the wing cracks sharply
begin to propagate, the wing cracks l should be 0. Accordingly KI and KII at the crack tips are
KI =

2aτ eff cos α

πl *

, K II = −

2aτ eff sin α

πl *

.

(15)

It is known that intermittent crack does not propagate
when the wing crack length l = 0, and accordingly, the
rock mass damage remains the same. The initial damage
of the rock mass induced by the original intermittent
crack can be solved from eq. (10) if the stress intensity
factor at the crack tip at this moment is solved. The damage from the proposed method considers both the internal
factors such as rock mass and crack parameter and the external ones such as the stress condition. So the DCM for
cracked rock mass obtained with the proposed method
fits better with the actual condition.
If the rock mass contains multi-cracks in one row or
grouped in rows, stress intensity factor at the crack tip
can be calculated by the method of Li et al.8.
Ashby and Hallam19 assumed that the propagation of
wing crack is mainly induced by tensile stress, and
adopted KI to solve the length of the wing crack. Thereafter, Huang et al.15 also adopted this method to establish
the corresponding DCM for a rock mass. However, studies19 show that the wing crack propagation is not only of
type I, and is often accompanied with type II, which is a
mixed propagation. Therefore, the effective strain energy
density criterion19 was adopted to calculate the wing
crack length. It was assumed that crack begins to propagate when the effective strain energy density (ESED) at
wing crack tip is larger than the minimum strain energy
density Sc.
The ESED at wing crack tip is20

S = a11 K I2 + 2a12 KΙ K II + a22 K II2 ,

(16)
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where

a11 =

1 +ν
[(3 − 4ν − cos θ3 )(1 + cos θ3 )],
8π E

a12 =

1 +ν
(2sin θ3 )[cos θ3 − (1 − 2ν )],
8π E

a22 =

1 +ν
[4(1 − cos θ3 )(1 − v) + (1 + cos θ3 )(3cos θ3 − 1)],
8π E

where θ3 is the polar angle near the wing crack tip.
When θ3 = 0, S is the ESED at the extended direction
of wing crack
S=

1+ v
[(1 − 2v) K Ι2 + K ΙΙ2 ].
2π E

(17)

Sc can be expressed as20
Sc =

(1 +ν )(1 − 2v) 2
K Ιc .
2π E

(18)

where KIc is the rock mass fracture toughness.
If S ≤ Sc, the intermittent crack does not propagate.
When the rock mass was subjected to complex stress, eqs
(11)–(13), (15) and (16)–(18) were first adopted to determine if the crack would propagate. If it does not propagate, the method proposed before can be adopted to
calculate the rock mass damage under complex stress.
But, if the crack propagates, the proposed method cannot
be adopted to calculate the rock mass damage.
Take the model in Figure 2 as an example. Assume its
dimension is 10 cm in height and 5 cm in width, and it
is solved according to the planar stress problem. The
parameters of crack and intact rock are shown in Table 2.
Assume the stress condition of the model is: σx =
5 MPa, σy = 20 MPa and σxy = 5 MPa. Then its damage
induced by the intermittent crack along the loading direction can be obtained with the proposed model by Matlab
software. According to damage theory proposed by
Lemaitre14, the damage of the cracked rock mass can be
expressed as

E j = (1 − D) Er ,

Figure 3. Variation of the rock mass damage and elastic modulus
with the crack dip angle.

(19)

where Er and Ej are the Young’s elastic moduli of the intact rock and cracked rock mass.
Figure 3 shows the damage and Young’s elastic modulus of the cracked rock mass versus the crack dip angle
for the calculation model in Figure 2. It was found that
the rock mass damage begins to occur when the crack dip
angle is about 21°. Then with an increase in the angle,
rock mass damage increases rapidly. It has the largest
CURRENT SCIENCE, VOL. 115, NO. 3, 10 AUGUST 2018

damage of 0.027 when the crack dip angle is about 38°.
After that, as the crack dip angle continues to increase,
the crack begins to propagate and the rock mass damage
begins to develop. But because only the calculation of the
rock mass initial damage was studied, the rock mass
damage evolution is not discussed here. Meanwhile, it
was found that rock mass modulus gradually decreases
with increasing damage.
The influence of other factors on rock mass damage is
discussed for the proposed method. Assume the rock
mass parameters adopted here are the same as above, and
when the influence of one parameter on the rock mass
damage is studied, the other ones are assumed to be
constant. For simplicity, only the rock mass damage
along the vertical direction is discussed.
Assume the crack dip angle is 35° and other parameters
are as shown in Table 2, the rock mass damage versus the
crack length is shown in Figure 4. It was found that the
rock mass damage increases with increasing crack length,
which in turn influences rock mass damage when it
increases to some degree.
Assume the crack dip angle is 35° and the other parameters are as shown in Table 2, the rock mass damage
versus the crack internal friction angle is shown in Figure
5. It was found that the rock mass damage decreases
linearly with increasing crack internal friction angle. This
is because the relationship between crack shear strength
obeys Mohr-Coulomb criterion, therefore the crack shear
strength will increase with increasing crack internal friction angle. Correspondingly the sample’s peak strength
increases and its damage decreases.

Figure 4.

Variation of the rock mass damage with the crack length.
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Table 2.

Parameters of crack and intact rock

Crack
2a (cm)
4

Intact rock

B (cm)

ϕ/ (°)

c (kPa)

kn (GPa/cm)

ks (GPa/cm)

KIC (MPa cm )

E (GPa)

ν

1

30

0.1

0.01

0.02

10

10

0.25

1/2

Figure 5. Variation of the rock mass damage with the crack internal
friction angle.

Figure 7.
nents.

Figure 6. Variation of the rock mass damage with the crack normal
and shear stiffness.

Assume the crack dip angle is 35° and other parameters
are as shown in Table 2, the rock mass damage versus the
crack normal and shear stiffness is shown in Figure 6. It
was found that the rock mass damage increases with
increasing crack normal stiffness. This is because the
resolved normal stress on the crack face will decrease
with increasing the crack normal stiffness from eq. (12),
and therefore the friction to resist the slide of the rock
block along the crack face will decrease. This will cause
the rock mass to shear failure along the crack face. Therefore it leads to increase in damage and reduction in rock
mass elastic modulus and strength. However, the influence of crack shear stiffness on rock mass damage is
564

Variation of the rock mass damage with the stress compo-

opposite that of crack normal stiffness. This is because
the crack shear transferring coefficient will increase with
increasing crack shear stiffness, and accordingly the shear
force will decrease (see eq. (13)). Therefore, the intermittent crack will be more difficult to propagate and accordingly the rock mass damage will decrease and its elastic
modulus and strength increases.
Assume the crack dip angle is 35° and other parameters
are shown in Table 2, the rock mass damage versus the
three stress components σx, σy and τxy is shown in Figure
7. Here it is assumed that the other two stress components
remain constant when one of them changes. It was found
the rock mass damage decreases linearly with increasing
σx and σy, but their extent of decrease is different.
With increasing σx, rock mass decreases linearly. While
rock mass damage decreases very little when σy increases
from 5 MPa to 10 MPa, it decreases linearly when σy
CURRENT SCIENCE, VOL. 115, NO. 3, 10 AUGUST 2018
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increases from 10 to 24 MPa. This is because with
increasing vertical stress component, the crack will be
compressed activating its shear strength. Meanwhile, the
premise of the proposed model is that the crack in rock
mass does not propagate under the external load. So, the
external load is similar to the pre-stress acting on the rock
mass, which makes the rock mass to be in a confined
stress state. It will increase the rock mass strength and
lessen its damage. However, it was also found that rock
mass damage will increase with increasing τxy. This is because the rock mass is prone to shear failure under compressive and shear stress condition which leads to
reduced strength and increased damage.
The existing geometry or geometry and strength damage theory for rock mass can account for the crack geometry or strength parameter, but does not consider crack
deformation parameter such as its normal and shear stiffness. Meanwhile, existing studies show that rock mass
damage is related not only to the crack parameter but also
to loading condition of the rock mass. So, based on the
connection of the increment of additional strain energy,
induced by existence of crack in fracture mechanics and
emission of damaged strain energy in damage mechanics,
a new calculation method for the damage induced by
intermittent crack to rock mass under the compressive
and shear stress condition is proposed. This method considers the loading condition.
As a result, a new DCM for the intermittent cracked
rock mass is proposed. It captures the co-influence of
internal factors such as the crack and rock mass property
but also external factors such as loading condition on
rock mass mechanical property. The influence of crack
length, internal friction angle, normal and shear stiffness,
and the load on rock mass damage are discussed. Overall,
the proposed model gives a new insights into the
mechanical behaviour of intermittent cracked rock mass.
However it should be stated that it is only suitable for
rock mass with one group of cracks.
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