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The present communication describes a numerical
study and investigation of the excitation of tsunami
waves by an earthquake. Detailed analysis has been
carried out to describe the properties of eigenfunctions which represent the values of wave potential,
horizontal and vertical velocity, and acceleration
components with angular frequencies corresponding
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to the deep, intermediate and shallow water waves.
Analysis and measurement of eigenfunctions were also
performed. It shows that as distance progresses from
the deep to coastal regions, celerity reduces due to increment in significant wave heights. At 80 km distance
from the origin of generation, celerity is 550 m/s in
deep, 440 m/s in intermediate and 310 m/s in shallow
water waves.
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T SUNAMI is a system of ocean gravity waves formed as a
result of large-scale disturbance of the seabed1. It is a
type of ocean waves normally seen on the beaches2. Tsunamis may be characterized in terms of their mode of
generation, propagation, wavelength, time period, velocity and distribution from the distinct oceanic regions to
the coastal areas for a particular region of interest. With
the comparative studies, it has been studied that the wind
generated waves show lesser impact on the coastline as
compared to tsunami generated waves because of different wave characteristics such as wavelength and velocity
of propagation3,4. Deep and mid-sea movements, which
are free of coastal contamination, are vital for realistic
tsunami forecasting and source identification with increased experience in tsunami analysis and simulated
measurements5. The initial displacements of the free surface of different water wave conditions are induced by
larger earthquakes of magnitude of more than 9.0 on the
Richter scale, in which the generation of N-type waves is
higher6. The dispersion relationship shows the better response of wavenumber variations with respect to bathymetery depths for each water wave conditions. It carries the
significance role while the calculation of all properties7.
Eigenfunctions are parameters involved in the study of
distribution of wave motions with respect to variation of
depth at a particular angular frequency of operation. The
values of orbital velocity and distribution vary from deep
to coastal waters8. Classification of deep and coastal
water waves is made using correlations between depth
and wavelength. If d/L < 1/20, it is known as shallow
water condition, where d and L represent depth of ocean
and wavelength respectively. If the ratio varies from 1/20
to 1/2, it is intermediate water condition 9. If the ratio is
more than 1/2, the region is considered as deep water.
The impact at the coastal region is extremely high because a significant wave height increases due to less
bathymetry as compared to the deep water 10. Tsunami
waves are known to shallow water waves. Airy wave theory is a linear theory for the propagation of waves on the
surface of a potential flow and above a horizontal bottom.
The free surface elevation (x, t) of one wave component
is sinusoidal, as a function of horizontal position x and
time t (refs 11–13), the eigenfunctions can be derived using the following relationships.
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The surface generation for 2D waves (Figure 1) is
given in eq. (1) (ref. 7)

  a cos(t  kx ).

(1)

This correlates the surface elevation (a), angular frequency () and wavenumber (k = 2/L) in time and space
domain.
For deep water conditions, the wave potential function
is given in eq. (2)
ga  kz

e cos(t  kx ).


  gk tan h(kd ),



ga cos h(kz  kd )
cos( t  kx ),
 cos h(kd )

(3)

where  is the angular speed of the wave motion, k the
wavenumber, g = 9.81 m/s2 and d is the bathymetry
depth. For deep water condition, eq. (3) can be represented as 2 = gk, since tanh (kd)  1.
The eigenfunctions along the x- and y-axis of the tsunami wave propagation are given in eqs (4)–(7)

(8)
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The dispersion relationship for wave conditions is expressed in correlation with bathymetry water depth, as
given in eq. (3) (ref. 7)
2

For intermediate water conditions, the mathematical
equations for eigenfunctions are provided in eqs (8)–(12)
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Similarly, the eigenfunctions for shallow water conditions are given in eqs (13)–(17)
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Figure 1.

Wave representation in the ocean15 .
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z is the vertical displacement of water perpendicular to
the wave propagation.
The angular frequency for the shallow water waves is
expressed as 2 = gd.
The simulation work has been carried out using the
bathymetry depth assumption of deep (8–9.8 km), intermediate (5–7 km) and shallow water (10 m to 1 km)
waves respectively. The dispersion relationships have
been applied to determine the respective wavelengths in
each water wave condition. The wave heights for three
conditions were assumed as 3, 6 and 10 m for deep, intermediate and shallow water waves respectively. This
assumption depends on the simulation because in the
2293
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Figure 2.

Figure 3.

Angular frequency variation with respect to (a) wavelength and (b) wavenumber.

Eigenfunctions (velocity) for (a) deep, (b) intermediate and (c) shallow waters.

deep ocean, wavelength is large and wave height is less
compared to the other water wave conditions14.
Figure 2 shows the angular frequencies of all water
waves. In deep waters, the wavelength is very large compared to the intermediate and shallow water waves. It can
be concluded that the angular frequency shows decaying
2294

response in deep and intermediate waters compared to
shallower water with respect to wavelength variation.
Variation in  is from 0.05 to 0.07 rad/s for deep, 0.05 to
0.1 rad/s for intermediate, and 0 to 100 rad/s for shallow
waters. Furthermore, the right side of Figure 2 can also
be described based upon the variation of angular
CURRENT SCIENCE, VOL. 110, NO. 12, 25 JUNE 2016

RESEARCH COMMUNICATIONS

Figure 4.

Eigenfunctions (acceleration) for (a) deep, (b) intermediate and (c) shallow waters.

frequency for deep and intermediate water waves. It can
be clearly observed that, the value of angular frequency
increases in deep water as compared to intermediate and
shallow water due to the inverse relationship between k
and L. It can also be concluded that in shallower water,
the particles move with very high speed and the impact is
more significant compared to the other two water wave
conditions at a particular wave heights.
Figure 3 a–c shows the eigenfunctions in horizontal,
vertical and resultant velocity components for all water
wave conditions with respect to bathymetry depth. The
resultant velocity in deep water varies from 0 to 0.1 m/s
which is simulated at the depths of 8 to 9.8 km and in intermediate water, the result shows the increase in slope
with the velocity variation from 0 to 10 m/s with reference to the depth of 5.2 to 7 km. In shallow water waves,
the resultant velocity fluctuates from 0 to 1000 m/s at
depths from 10 to 900 m. Analysis of the orbital acceleration has also been carried out (Figure 4 a–c). In deep
water, the resultant acceleration is small and varies from
0 to 0.01 m/s2 compared to the intermediate water, where
the variation is from 0 to 0.5 m/s2. The highest values of
acceleration from 0 to 10  104 have been obtained in the
shallow water waves.
From Figure 4 c, it can also be concluded that, the orbital acceleration at 900 m depth show a value of 9  104,
hence the dynamic forces are very high approximately
1 km from the beaches. Once it is close to the beach,
wave height increases whereas particle acceleration decreases because near the coast, due to geological structure
CURRENT SCIENCE, VOL. 110, NO. 12, 25 JUNE 2016

of the earth’s surface, inertia and gravity forces increase
to the extreme limits, while particle acceleration and
velocity values reach close to zero.
Figure 5 a and b represents variation of resultant eigenfunctions (velocity and acceleration) with respect to the
time run-ups of the tsunami waves used under all water
wave conditions. It shows nonlinear uniform response
with respect to time because in deep and intermediate
water waves, the decaying exponential factors as provided in equations (4)–(12). For shallow water waves,
decay factor, orbital velocity and acceleration values do
not depend on water depth. Figure 5 c shows the wave
potential plot with respect to bathymetry depth for all water wave conditions. It can be seen that  varies from –20
to +20 in case of the deep water, –2  104 to +2  104 for
intermediate water and –5 to +5 for shallower water conditions with respect to time. Figure 5 d presents results of
celerity variation with respect to distance from the origin
of tsunami waves for all water wave conditions. The results show that as tsunami waves progress from the deep
to coastal regions, celerity reduces due to increment in
significant wave heights. It can be seen that at 80 km distance from the origin of generation, the average celerity
is as 550 m/s for deep, 440 m/s for intermediate and
310 m/s for shallow water respectively.
Measurements of the eigenfunction parameters correlated to tsunami waves run-ups have been carried out
using Airy wave theory models for all water wave conditions. It has been observed in the present work that in
deep waters, tsunami waves propagate with the higher
2295
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Figure 5. a, Eigenfunction (velocity) with time; b, eigenfunction (acceleration) with time; c, wave potential with bathymetry depth;
d, celerity with distance.

velocity due to less angular frequency of orbital particles,
while near the shorelines, particle movement is high, but
linear velocity response diminishes. Using the dispersion
relationships, celerity has been computed for all water
wave conditions. In the shallow water region, celerity reduces and significant wave height increases. Tsunami
with high energy amplitude causes high impact to the
shoreline which results in extreme disaster.
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