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Effect of injected noise on
electromagnetically induced
transparency and slow light
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We have examined theoretically the phenomenon of
electromagnetically induced transparency (EIT) in
a three-level system operating in the Λ-configuration
in the presence of an externally injected noise coupling the ground level to the intermediate (metastable)
level. The changes in the depth and width of the
induced transparency and the slowing down of the
probe light have been calculated as a function of
the probe detuning and strength of the injected noise.
The calculations are within the rotating-wave approximation. Our main results are the reduction and broadening of the EIT with increasing strength of the
injected noise, and a reduction in the slowing down of
group velocity of the probe-laser beam. Thus, the
injected semi-classical noise, unlike the quantumdynamical noise associated with the spontaneous emission, is not effectively cancelled by the EIT mechanism.
Keywords: Electromagnetically induced transparency,
injected noise, slow light.
ELECTROMAGNETICALLY induced transparency (EIT) is a
coherent quantum optical phenomenon in which the
absorption of a weak probe beam of light vanishes,
thereby opening a window of transparency narrower than
the natural linewidth at the centre of the otherwise much
broader resonance absorption peak1,2. This transparency
is due to the destructive quantum interference of the transition amplitudes along the allowed alternative paths,
much as in the case of the well-known Fano resonance/anti-resonance3,4. This phenomenon is known to
give rise to several other interesting effects1,2,5, e.g. slow
light. Remarkably, this interference effectively cancels
the spontaneous down-transitions (quantum noise6) as
well, giving a sub-natural linewidth as noted above. In
contrast, as the present work shows, the EIT is indeed
affected/degraded by injecting a ‘classical’ noise into the
alternative virtual paths. This causes dephasing as we will
discuss later.
The present study is motivated by a recently published
experimental work7 on a closed Λ-type EIT system coupled to microwaves in a cavity, showing coherent modulation of the EIT amplitude depending on the relative
phase of microwaves and the optical fields involved.
Now, a microwave cavity necessarily has an associated
classical noise (due to the finite Q of the cavity), that can
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also get injected along with the coherent microwave field.
It is therefore of interest to study the effect of such an
injected classical noise on the EIT and the related phenomena. The purpose of the present work is, therefore, to
analyse theoretically the nature and magnitude of the
effect of the injected classical noise on the depth and
width of the transparency (EIT), as well as the associated
change in the group velocity of the probe light as a function of the strength of noise and probe detuning. The
calculations have been done using the density-matrix
formalism, wherein the various natural linewidths (spontaneous decays) involved are introduced via the appropriately chosen Lindblad super-operators6, while the injected
noise f (t) is introduced explicitly in the Hamiltonian. The
latter is treated within the rotating wave approximation
(RWA). We compute the reduced density-matrix averaged over the noise f (t). This could be carried out here in
a closed form by assuming the injected noise to be a
Gaussian white noise (GWN), and using the well-known
Novikov theorem8. The latter holds for averaging an arbitrary functional of the GWN. The physical quantities of
interest are then calculated in terms of this noiseaveraged density matrix. Our main results are a quantitative reduction and broadening of the EIT with increasing
strength of the injected noise, and a reduction in the slowing down of the group velocity of the probe light.
The atomic-level scheme considered here is as in a
typical EIT experiment shown schematically in Figure 1.
It involves a manifold of three energy levels {|1〉, |2〉, |3〉}
with the respective energies E1 = =ω1, E2 = =ω2 and
E3 = =ω3, connected in the Λ-configuration with E1 <
E2 < E3. Such a Λ-EIT scheme is possible, e.g. in the D2line transitions of 85Rb vapour9,10 with |1〉 ≡ 52S1/2: F = 2,
|2〉 ≡ 52S1/2: F = 3 and |3〉 ≡ 52P3/2: F′ = 3. As follows from
the selection rules, in a Λ scheme, transition (here
|1〉 ↔ |2〉) between the ground and the intermediate state
is necessarily an electric-dipole forbidden transition,

Figure 1. Electromagnetically induced transparency scheme of Λ-type
three-level system perturbed by an externally injected noise f (t).
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since the other two transitions involved are electric-dipole
allowed. It can, however, be, say an electric-quadrupole
allowed transition, much as in the case of a controlling
microwave field used in the recent EIT experiment in
rubidium vapour system7. A novel feature of the present
work is a noise field f (t) injected externally at the transition |1〉 ↔ |2〉.
In a standard EIT experiment, the absorption of the
probe beam is studied as function of its detuning, while
the coupling laser is kept at resonance2. Accordingly, here
the probe laser is detuned off-resonance by an amount Δ
from the transition |1〉 → |3〉 which is being
i.e.
G
G probed,
=ωp = E3 – E1 – =Δ, where ωp and Ωp (≡ (d13.Ep ) / 2=) are
respectively, the angular frequency and the associated Rabi
frequency of the probe laser. A strong coupling laser beam
is applied and kept at resonance to the transition
G G |2〉 → |3〉,
with =ωc = E3 – E2, where ωc and Ωc (≡ (d 23.Ec ) / 2=) are
respectively, the angular frequency and the associated
Rabi frequency of the coupling laser. Further, Γ1 and Γ2
denote the rates of spontaneous decay of the excited level
|3〉 to the ground level |1〉 and to the intermediate level |2〉
respectively.
The full Hamiltonian H (t) of the EIT system here corresponds essentially to the case of a three-level system
being acted upon by two optical fields in the so-called
semi-classical approximation, but now with an extra feature, namely a term f (t) corresponding to the injected
noise. More explicitly, we have
H (t ) = =ω1 |1〉〈1| + =ω2 | 2〉〈 2 | + =ω3 | 3〉〈3 |

− =Ω p (e−iωp t + eiωpt )(| 3〉〈1| + |1〉〈3 |)
− =Ωc (e −iωc t + eiωct )(| 3〉〈 2 | + | 2〉〈3 |)
− =f (t )(|1〉〈 2 | + | 2〉〈1|).

(1)

Let
H (t) ≡ H0 +H1(t),
with
H0 = –=ωp|1〉 〈1| – =ωc|2〉 〈2|,

(2)

and

− =Ω p (e −iωpt + eiωp t )(| 3〉〈1| + |1〉〈3 |)
− =Ωc

(3)

We now proceed to the interaction (I) picture with the
corresponding Hamiltonian HI (t) given by
HI (t) = eiH0t / =H1 (t )e −iH0t / = .
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+ =ω3 | 3〉〈3 | − =Ω p (| 3〉〈1| + |1〉〈3 |)
− =Ωc (| 3〉〈 2 | + | 2〉〈3 |)

− =f (t )(e −iωμ t |1〉〈 2 | + eiωμ t | 2〉〈1|),

(5)

with ωμ ≡ ω2 – ω1 – Δ.
Hereinafter, we will use the interaction-picture Hamiltonian HI (t), but drop the subscript I for convenience.
With this, the master equation of motion for the density
matrix ρ(t) is
i
=

ρ (t ) = − [H (t ), ρ (t )] − Λˆ ρ (t ),

(6)

where we have introduced the Linblad super-operator Λˆ ,
given in the diagonal form as
ˆρ ≡
Λ

∑ Γ (L L ρ + ρ L L
j

†
j j

†
j j

− 2 L j ρ L†j ).

(7)

j =1,2

Here Γ1 and Γ2 are the rates of spontaneous decays
|3〉 → |1〉 and |3〉 → |2〉 respectively. The Lindblad operators L1 and L2 are chosen appropriately so as to describe
the spontaneous decays as6:
L1 = |1〉 〈3|,

(8)

L2 = |2〉 〈3|.

(9)

As is known well, a Lindblad master equation describes
the non-unitary evolution of the density matrix preserving
the trace condition, without violating its complete positivity and hermiticity for all initial conditions6.
Substituting from eqs (5) and (7) into eq. (6), we obtain
−i ρ11 (t ) = f (t )(e −iωμ t ρ 21 (t ) − eiωμ t ρ12 (t ))
+ Ω p ( ρ31 (t ) − ρ13 (t )) − iΓ1ρ33 (t ),

(10)

−i ρ 22 (t ) = f (t )(eiωμ t ρ12 (t ) − e −iωμ t ρ 21 (t ))
+ Ωc ( ρ32 (t ) − ρ 23 (t )) − iΓ 2 ρ33 (t ),

(11)

+ f (t )e −iωμ t ( ρ 22 (t ) − ρ11 (t )),

+ =ω3 | 3〉〈3 | − =f (t )(|1〉〈 2 | + | 2〉〈1|)

+ eiωct )(| 3〉〈 2 | + | 2〉〈3 |).

H I (t ) = + =(ω1 + ωp ) |1〉〈1| + =(ω2 + ωc ) | 2〉〈 2 |

−i ρ12 (t ) = Δρ12 (t ) + Ω p ρ32 (t ) − Ωc ρ13 (t )

H1 (t ) = =(ω1 + ωp ) |1〉〈1| + =(ω2 + ωc ) | 2〉〈 2 |

(e −iωct

In the RWA (i.e. neglecting the rapidly oscillating terms
proportional to e±2iωct and e±2iωpt), we obtain

(4)

(12)

−i ρ13 (t ) = f (t )e −iωμ t ρ 23 (t ) − Ωc ρ12 (t )
Γ + Γ2 ⎞
⎛
+ Ωc ( ρ33 (t ) − ρ11 (t )) + ⎜ Δ + i 1
⎟ ρ13 (t ),
2 ⎠
⎝
Γ1 + Γ 2
ρ 23 (t ) + f (t )eiωμ t ρ13 (t )
2
+ Ωc ( ρ33 (t ) − ρ 22 (t )) − Ω p ρ12 (t ),

(13)

−i ρ 23 (t ) = i

(14)
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along with the trace condition Tr ρ = 1 and the hermiticity
condition ρ† = ρ.
Now, the density matrix ρ(t) is a functional of the noise
f (t) occurring in eqs (10)–(14), and, therefore, it must be
averaged over all the realizations of f (t). For this, we
have taken the noise f (t) to be a GWN, i.e.
〈 f (t ) f (t ′)〉 f = f 02δ (t − t ′),

(15)

where f 20, having the dimension of frequency, is a measure
of the strength of the noise f (t) (much like the Rabi frequency Ω, which is a measure of the strength of the laser
field). For this, we make use of the Novikov theorem8
giving
t

〈 f (t ) ρ [ f (t )]〉 f =
=

∫ dt′〈 f (t ) f (t′)〉

−∞
f02

2

δρ[ f (t )]
δ f (t )dt

f

δρ[ f (t ′)]
δ f (t )

−iσ11 (t ) = Ω p (σ 31 (t ) − σ13 (t )) − iΓ1σ 33 (t )

(17)

−iσ 22 (t ) = Ω c (σ 32 (t ) − σ 23 (t )) − iΓ 2σ 33 (t )

−iσ12 (t ) = (Δ + if 02 )σ12 (t ) + Ω pσ 32 (t ) − Ωcσ13 (t ),

(18)
(19)

−iσ13 (t ) = −Ωcσ12 (t ) + Ω p (σ 33 (t ) − σ11 (t ))
⎛
f 2 + Γ1 + Γ 2 ⎞
+ ⎜Δ + i 0
⎟⎟ σ13 (t ),
⎜
2
⎝
⎠

where N is the atomic number density of the medium, λp
the wavelength of the probe light at a detuning Δ, and
λ0 = c/(ω3 – ω1) the wavelength at the corresponding
resonance. Also, we have set Γ2 = 0 (which is in fact a
good approximation for most of the practical Λ-type EIT
systems), and Γ1 ≡ Γ.
The corresponding real part of the refractive index can
be expressed in terms of the various parameters involved5
as:
nR (Δ, Ωc , f 02 ) = 1 +

Vg (Δ, Ωc , f 02 ) =

Straightforward functional differentiation of eqs (10)–
(14) w.r.t. f (t) and using eq. (16), we obtain, within RWA
(this time neglecting the rapidly oscillating terms proportional to e±2iωμt), a closed set of equations for the noiseaveraged density matrix elements 〈 ρij (t )〉 f (≡ σ ij (t ) for
typographic convenience) as follows:

+ if 02 (σ 22 (t ) − σ11 (t )),

(22)

N λ03π
Re[σ 31 (Δ, Ωc , f02 )].
(Ω p / Γ )

(23)

(16)

f

− if02 (σ 22 (t ) − σ11 (t )),

1 N λ03π
Im[σ 31 (Δ, Ωc , f 02 )],
λp (Ω p / Γ)

The associated group velocity of the probe light in the
medium concerned can be conveniently expressed as5:

f

.

α (Δ, Ωc , f 02 ) =

c
nR (Δ, Ωc , f 02 ) − ωp

dnR
dΔ

.

(24)

In Figures 2–6, we have plotted the various physical
quantities of interest (α, nR and Vg), calculated as functions of the parameters involved (i.e. probe-detuning Δ/Γ,
coupling strength Ωc/Γ and strength of noise f 20/Γ).
We have used the following set of parameter values
appropriate to the EIT-medium, 85Rb vapour9,10: N = 1018
atoms per m3, λ0 = 780 nm, (Ωc/Γ) = 1, (Ωp/Γ) = 0.001,
( f 20/Γ) = {0, 0.7, 1.6} and Γ = 5 MHz.
From Figure 2, it can be readily seen, as expected for
pure EIT (without noise), that absorption of the probe
light beam increases with detuning (Δ/Γ), for small
values of the latter.
However, with increasing strength of the noise ( f 20/Γ),
absorption as well as its spectral width are found
increase. Overall, the effect of noise is more pronounced

(20)

−iσ 23 (t ) = Ωc (σ 33 (t ) − σ 22 (t )) − Ω pσ12 (t )
⎛ f 2 + Γ1 + Γ 2 ⎞
+ i⎜ 0
⎟⎟ σ 23 (t ).
⎜
2
⎝
⎠

(21)

These linear, first-order differential equations, along with
the trace condition Tr σ = 1 and the hermiticity condition
σ † = σ, are now solved numerically in the steady state
(i.e. σ (t ) = 0), so as to calculate the physical quantities of
interest, as described below.
The absorption coefficient of the probe light in a dilute
gaseous medium can be expressed in terms of the density
matrix as5:
CURRENT SCIENCE, VOL. 101, NO. 5, 10 SEPTEMBER 2011

Figure 2. Absorption (arb. units) of probe light plotted against the
detuning (Δ/Γ) for different values of the strength of noise ( f 20/Γ).
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within the EIT window, and much less so outside the
window, as clearly seen in Figure 3.
Figure 4 gives specifically the variation of the real part
of the refractive index (nR) as a function of detuning
in the anomalous regime of dispersion, within the EIT
window. There is a pronounced decrease in the variation

of nR across the EIT window with the increasing strength
of noise.
Now we come to the effect of noise on the group
velocity of the probe light beam across the EIT window.
This has an important bearing on the phenomenon of
slow light associated with the EIT.
The overall effect of the noise is to reduce the slowing
down of light beam, as can be seen from Figure 5. Thus,
for example, Vg = 0.52 ms–1 for zero noise and zero
detuning). Figure 6 resolves the finer features of the
effect of the noise on the group velocity at and near the
resonance (i.e. Δ/Γ = 0, 0.25).
Finally, a few words are in order to explain how the
injected noise enters the physics of the EIT. As is known,
EIT results from a coherent destructive interference of the
quantum transition amplitudes along alternative (virtual)

Figure 3. Absorption (arb. units) of probe light at and near resonance,
plotted against the strength of noise ( f 20/Γ).

Figure 6. Group velocity (Vg m/s) of probe light in the medium at and
near resonance, plotted against the strength of noise ( f 20/Γ).

Figure 4. Real part of the refractive index (nR) plotted against the
detuning (Δ/Γ) for different values of the strength of noise ( f 20/Γ).

Figure 5. Group velocity (Vg m/s) of probe light in the medium plotted against the detuning (Δ/Γ) for different values of the strength of
noise ( f 20/Γ).
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Figure 7. Contour plot of constant absorption coefficient (α) in the
(Ωc/Γ) – ( f 20/Γ) plane. Labels on contours indicate the α values (in arbitrary units).
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paths from the ground level |1〉 to the excited level |3〉
(involving, for example, the direct transition amplitude
|1〉 → |3〉 and the alternative transition amplitudes
|1〉 → |3〉 → |2〉 → |3〉… and so on in higher-order virtual
cycles). The injected microwave noise connecting level
|2〉 to level |1〉 can, however, cause the electron to make a
real transition |2〉 → |1〉, and thus take it out of the above
coherent (virtual) cycles. Such a noise-induced real transition necessarily causes dephasing of the otherwise
coherent interference of the virtual alternatives, thereby
degrading the EIT. This effect can be seen in Figure 7.
Our calculation explicitly takes into account this effect of
the injected classical noise within the Lindblad formalism, using the Novikov theorem.
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youth
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Vegetarians are prone to high risk of mineral deficiencies. The aim of the present study was to examine
dietary habits of vegetarian children and adolescents
for calcium adequacy and devise recipes to improve
their calcium intake. In a cross-sectional survey in 236
Indian school children (89 boys) aged 7–19 years, diet
was assessed by 24-h recall on three random days.
Using plant foods, i.e. finger millet, soybean, leafy
vegetables and sesame seeds, 14 non-dairy-based,
calcium-rich products (NDBCRP) and 12 dairy-based
calcium-rich products (DBCRP) were developed. Calcium content of all products was analysed using atomic
absorption spectrophotometer. Mean calcium content
per 100 g cooked weight of NDBCRP (337.5 ±
107.4 mg) and DBCRP (259 ± 88 mg) was similar
(P = 0.12). Calcium intake was found to be low in boys
(507 ± 267 mg/day) and girls (421 ± 184 mg/day), which
can be enhanced by NDBCRP supplement. Thus
NDBCRP products have the potential to alleviate
calcium deficiency in Indian adolescents.
Keywords: Calcium intake, dietary habits, non-diary
products, vegetarians.
APPROXIMATELY 99% of total body calcium is found in
the skeleton1. Bone mass accrual continues from infancy
through to early adulthood until peak bone mass is
achieved by the second decade of life2. Therefore, adequate
calcium intake is important for bone health throughout
the lifespan and for the prevention of osteoporotic fractures in later years.
Calcium intake of children and adolescents in Asia,
especially in India, is relatively low in comparison to
their Western counterparts3. Various studies from India
report low calcium intake and hypocalcaemia among
young boys and girls, emphasizing the importance of
increasing calcium intake in children and adolescents4–7.
This could be partly attributed to the non-milk-based
diets, poor dietary habits, inadequate information and
knowledge about calcium-rich food and poor calcium
absorption from plant foods6,8. Thus, there is a need to
analyse the dietary intake and food choices of Indian
children and adolescents to improve their calcium intake.
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